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In the age of technology, it is vital to cool down different parts of a device to use it more benefi-
cially. Using nanofluids is one of the most common methods which has shown very effective re-
sults. In this paper, we have rephrased a classic equation in fluid mechanics, i.e. the Falkner-Skan
boundary layer equation, in order to be used for nanofluid. This nonlinear equation, which was
presented by Liao, has been solved by Homotopy Analysis Method (HAM). This method is very
capable to solve a wide range of nonlinear equations. The physical interpretation of results which
are velocity and temperature profiles are explained in details and they are parallel with experi-
mental outcomes of previous researchers.

© 2014 Published by Semnan University Press. All rights reserved.

1. Introduction

As technology improves, it was realized that devic-
es have to cool down in a more effective way and the
conventional fluids such as water are not appropriate
anymore, so the idea of adding particles to a fluid was
presented. These tiny particles have high thermal con-
ductivity, so the mixed fluids have better thermal prop-
erties [1-3]. The material of these nano scale particles is
aluminum oxide (Al,O3), copper (Cu), copper oxide
(CuO), gold (Au), silver (Ag) etc, which are suspending
in base fluids such as water, oil, acetone and ethylene
glycol, etc. Al,O; and CuO are the most well-known
nanoparticles used by many researchers [4-8] in their
experimental researches. They claimed different results
due to the size and shape and so the contact surface of
the particles. In addition the base fluid characteristics
were important as well. The main obstacle in this field
was how to keep the particles suspended in static fluid
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which is discussed in [5-9]. Fortunately, the result was
in a same trace that the thermal conductivity of the
nanofluids is higher than the conventional fluids and
this term is modeled mathematically in [4, 5], [10-15].
In this paper we will rephrase the Falkner-Skan equa-
tion [16-18] for a nanofluid with a semi analytical
method, i. e. Homotopy Analysis Method, which was
presented by Liao [19-21] in 1992. The HAM is one of
the well-known methods to solve nonlinear equations.
This method has been used by many authors in a wide
range of engineering problems [22-25]. Falkner and
Skan considered two-dimensional wedge flows. They
developed a similarity solution method in which the
partial differential boundary-layer equation was
reduced to a nonlinear third-order ordinary differ-
ential equation which does not have an exact solu-
tion ;besides, the numerical solution for this equa-
tion is time consuming and difficult.
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2. Governing Equations

In this paper, we consider an incompressible vis-
cous fluid which flows over a wedge, as is shown in
Fig. 1.

The wall temperature, i.e. T, is uniformed and
constant and is greater than the free stream tem-
perature, T;. It is assumed that the free stream ve-
locity, U;, is also uniformed and constant as well.
Further, assuming that the flow in the laminar
boundary layer is two-dimensional, and that the
temperature gradients resulting from viscous dissi-
pation are small, the continuity, momentum and
energy equations can be expressed as:
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where u and v are the respective velocity compo-
nents in the x and y direction of the fluid flow, v is
the kinematic viscosity of the fluid, and U is the ref-
erence velocity at the edge of the boundary layer
and is a function of x. a is the thermal diffusivity of
the fluid, T is the temperature in the vicinity of the
wedge, and the boundary conditions are given by:

at y=0: u=v=0 and T=T, 4)

X
limu =U) = U°°(Z) ™ and 31/1_1)12071 =Tw (5)
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where U, is the mean stream velocity, L is the
length of the wedge, m is the Falkner-Skan power-
law parameter, and X is measured from the tip of
the wedge. A stream function, ¥ (x, y), is introduced

Figure 1.Velocity and thermal boundary layers for the Falk-

ner-Skan wedge flow.

such as this:

o oy
u—a and v=-o (7)

By Substituting Eq. (7) into Eq. (2), the momen-
tum equation will be obtained as follows:

o 0% Yoy  dU 33y
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By using these similarity variable yields, we ob-
tain the following ordinary differential equation:
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in which V¢ is the kinematic viscosity of the fluid.
Substituting Egs. (9) and (10) into Eq. (8), gives:

a*f(n) 3% f () 2m
an3 ) an? +(m+1)

. (1 _ (df(n)) ) o
n (11)

this is known as the Falkner-Skan boundary-
layer equation [13-15].The boundary conditions of

f (n) are:

atn=0:f(0)=@=0 (12)
df)
M ! (13)

Note that in the equations above, parameters f
and m are related through the expression. f is the
Hartree pressure gradient parameter which corre-
sponds to f=0Q/m for a total angle 2 of the wedge and
m=0(f=0) represents the boundary layer flow past a
horizontal flat plate, while m=1(f=1) corresponds to
the boundary layer flow near the stagnation point of
a vertical flat plate. m is a dimensionless constant. In
the Blasius solution, m = 0 corresponds to an angle
of attack of zero radians. Thus we can write:

2m

g ="

m+1’

A dimensionless temperature is defined as fol-
lows:

T-T,

Too —Tw

(14)

If Eq. (14) is substituted into Eq. (3), then the
boundary-layer energy equation becomes:
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026(n) df(m) _
on? +Pr f(n) 1 =0 (15)

where Pr =v / « is the Prandtl number.
With the following boundary conditions:

atn=0:600)=1 (16)
#Lngo 6 =0(0) =1 (17)

The following equations can be obtained by
changing these parameters to rephrase this classic
equation and use it for nanofluids:
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With these boundary conditions:
atn=0:0(0)=0 (28)
lim 6(n) = 0(0) =1 (29)
n—00

The physical properties are also mentioned in
the Table 1.

3. Basicldea of HAM

Let us assume the following nonlinear differen-
tial equation in the form of:

N[u(®)] = 0 (30)

where N is a nonlinear operator, 7 is an independent
variable and u(7) is the solution of equation. We
define the function, ¢ (7, p) as follows:

lim (7, p) = uo(7) (31)
p—0

where, p € [0,1] and u,(7) is the initial guess which
satisfies the initial or boundary conditions and if

lim g (z,p) = u(x) (32)

And by using the generalized homotopy method,
Liao’s so-called zero-order deformation Eq. (30) will
be:

(1 =P)L[p(,p) —uy(1)] (33)
=ph H@)N[p(z,p)]

where 7 is the auxiliary parameter which helps us
increase the results convergence, H(7) is the auxil-
iary function and L is the linear operator. It should
be noted that there is a great freedom to choose the
auxiliary parameter 7 , the auxiliary function H(7),
the initial guess uy(7) and the auxiliary linear opera-
tor L.

Thus, when p increases from 0 to 1 the solution
¢(t,p) changes between the initial guess u,(r) and
the solution u(tr). The Taylor series expansion of
¢(t, p) with respect to p is:

@(T,p) = uo(7) + Z U (D)p™ (34)
And
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where u,[™ (1) for brevity is called the m**order of

Table 1. Thermophysical properties of the base fluid and the
nanoparticles (Oztop and Abu-Nada [36]).

Fluid phase

Physical properties (water) Cu Al203
¢p U/kgK) 4179 385 765
p (kg /m3) 997.1 8933 3970
k (W/mK) 0.613 400 40

a x 1077 (m?/s) 1.47 11631 1317
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deformation derivation which reads:

_wl™ 10"y
() = S S gm0

(36)

According to the definition in Eq. (36), the gov-
erning equation and the corresponding initial condi-
tions of u,,(7) can be deduced from zero-order de-
formation Eq. (30). Differentiating Eq. (30) for m
times with respect to the embedding parameter p
and setting p = 0 and finally dividing by m!, we will
have the so-called m*" order deformation equation
in the following form:

L[um(T) - Xmum—l(r)] (37)
= n H(MRWpm-1)

where:

. 1 0™ 'Nle(,p)l (38)
R(um—l) = (m _ 1)| apm—l

And

0 m<1 (39)
X’"—{1 m>1

So by applying an inverse linear operator to both
sides of the linear equation, Eq. (30), we can easily
solve the equation and compute the generation con-
stant by applying the initial or boundary condition.

4. Application of HAM to Falkner-Skan
Problem

As mentioned by Liao [19-21], a solution may
be expressed with different base functions, among
which some converge to the exact solution of the
problem faster than others. Such base functions are
obviously better suited for the final solution to be
expressed. Noting these facts, we have decided to
express f(n) and 6(n) by a set of base functions in
the following form:

f) = i i i A " exp(—n1) (40)

m=0n=0 k=0

o 00

ZOEDIDY i b 1 exp(—n) (41)
k=0

m=0n=0

The rule of solution expression provides us with
a starting point. It is under the rule of solution ex-
pression that the initial approximations, the auxilia-
ry linear operators, and the auxiliary functions are
determined. So, according to the rule of solution
expression, we choose the initial guess and auxiliary
linear operator in the following form

fo(m) = exp(—n) +n—1 (42)

0o(n) = exp(—n) (43)

Li(H)=f"+f" (44)

L,(0)=6"+6’ (45)

Li(C, + Cin + C3exp(—n)) (46)
=0

Ly(cy + csexp(—n)) =0 (47)

where c;(i = 1_5) are constants. Let p € [0,1] de-
notes the embedding parameter and # indicates
non -zero auxiliary parameters. We construct the
following equations:

4.1 Zeroth-Order Deformation Equations
(1 =P)L:[f(;p) = fo()]

=ph Ni[f(;p),0(n; p)] (48)
f(0;p) =0;f'(0;p) =0; f(oo;p) =1 (49)
1-pP)L, [G(n;p) - 90(’7)]
=pnaNx[f(m;p), 6(n; p)] (50)
6(0;p) = 1;6(c0;p) =0 (51)
Ni[F(n;p), G(s p)] =
1 *f(m;p)
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Forp = 0 and p = 1 we have:
f@;0) = fonf ;1) = £(n) (54)
6(;0) = 6o(mMO(m; 1) = 6(n) (55)

When p increases from 0 to 1 then f(n;p) and
6(n; p) vary from fo(17) and 6,(n) to f(n) and 6(n).
Using Taylor's theorem for Egs. (54) and (55),
f(n;p) and 8(n; p) can be expanded in a power se-
ries of p as follows:
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in which # is chosen in such a way that these
two series are convergent at p = 1, therefore we
have through Egs. (56) and (57) that

= (58)
F030) = o) + ) fuli), 6;0)
= 0o(m) + ) ()
4.2 mth -order deformation equations
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The general solutions will be:
Jm (@) = Xmfm-1() (66)

= fm(m)
+(C"+ ("
+ €3t exp(—1))

gm(n) - Xmgm—l(n) (67)
= (M)
+ (C3"
+ 5" exp(—m))

where C{" to CI"* are constants that can be obtained
by applying the boundary conditions in Egs. (60)
and (62).

As discussed by Liao the rule of coefficient er-
godicity and the rule of solution existence play im-
portant roles in determining the auxiliary function
and ensuring that the high-order deformation equa-
tions are closed and have solutions. In many cases,
by means of the rule of solution expression and the
rule of coefficient ergodicity, auxiliary functions can
be uniquely determined. So we define the auxiliary
functions Hy(n) and Hy (17)in the following form:

He(n) =1 (68)
Ho(n) = exp (—1) (69)

5. Convergence of HAM Solution

HAM provides us with great freedom in choosing
the solution of a nonlinear problem by different
base funtions. This has a great effect on the
convergence region because the convergence region
and the rate of a series are chiefly determined by the
base functions used to express the solution.
Therefore, a more accurate approximation of a
nonlinear problem can be obtained by choosing a
proper set of base functions and ensuring about its
convergency.

On the other hand, as pointed out by Liao, the
convergence and the rate of approximation for the
HAM solution strongly depend on the value of
auxiliary parametersz. Even if the initial
approximations f;(n) and 8,(n), the auxiliary linear
operator L, and the auxiliary functions Hf(n) and
Hg(n)are given, we still have great freedom to
choose the value of the auxiliary parameters 7, and
hz. So, the auxiliary parameters provide us with an
additional way to conveniently adjust and control
the convergence region and the rate of solution
series. By means of the so-called 7% -curves it is easy
to find out the so-called valid regions of auxiliary
parameters to gain a convergent solution series.
When the valid region of auxiliary parameters is a
horizontal line segment, then the solution is
converged.
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Figure 2. The h1 -validity for CuO for m = 1.

In our case study, suitable range of h1 and hz for
CuO and Al;03 can be obtained from Figures 2 to 5.

6. Results and Discussion

Fig. 6 shows the relation between f'(n) andn
which represents the velocity of the fluid. Adding
nano particles to a base fluid will cause a rise in fluid
viscosity, therefore, the momentum exchange be-
tween the nanofluid layers is higher. It can be clear-
ly seen that the pure fluid reaches to 1 approximate-
ly in n = 5, however, nanofluids approach to 1 in
n = 9. Considering Eq. (18), we have expected this
trend. Fig. 7 shows temprature curve variation with
¢ which represents the particle volume fraction of
the suspension. When ¢ climbs up from 0.3 % to
0.9 %, as we expected, there is a noticeable
enhancement in heat transfer rate. This can be
justified by torbulace which the nano-scale particles
cause. In addition, with the increase in the amount
of ¢ the effects of the nanoparticles conductivity
appear in the heat transfer rate as well.
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Figure 3. The h , -validity for CuO for m = 1.
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As we can see at about n = 4.5 the nanofluid
curve with ¢ =0.9%, has dropped to 0 but
when ¢ = 0.3 % this happens atn = 7.

This trend was observed before in
exprimental studies by others [3].

Fig. 8 shows the bulk temprature as a
function of the fluids types.
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Figure 6. Velocity profile for different types of fluids for m = 1.
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In agreement with the previous experimental
studies results, our solution shows that nanofluids
have better thermal properties and the temprature
diffrence between the fluid and the wedge
disappears sooner.

Due to adding the nano particles in the base
fluid, we can see a noticeable enhancement in heat
transfer rate.

In other words, the nano fluids tempratures are
equal with the wedge surface at 4.4 for “Cuo/water”
and 5.1 for “Al,O3/water”, however, water
experiences this at 6.5. To see this effect better, we
have magnified the region between 3 < < 8 in the
related figure.

Fig. 9 shows the relation between fluid’s bulk
temperature, i.e. 6(n) and m. We can observe a
marked change in the n at which profiles drop to 0.
As m grows, the effects of the stagnation point will
be more important and the conductivity of the fluid
will play a more important role. Because of high
heat conduction in nanofluids the curve approaches
to 0 sooner with the increase in m.

— Water/CuO-m=0 — — Water/CuO-m=0.7
""" Water/CuO-m=0.3 Water/CuQ-m—=1

Figure 9.Temperature profile for CuO for different values of m
and ¢ = 0.1%.

7. Conclusion

To make it brief, in this paper, we derived the
Falkner-Skan equation for a nanofluid and solved it
with the Homotopy Analysis Method. The conver-
gence region of HAM is discussed, i.e. the auxiliary
parameters fi,and 7, .

The physical interpretation of the results was
explained.

Temperature and velocity diagrams have been
discussed in details which has shown that Cuo as a
nanoparticle has more efficiency in comparison with
Al;03. Both of these nanoparticles are suspended in
water as the base fluid. In addition we observed that
with adding nano-scale particles to a fluid, the vis-
cosity of the fluid will increase and this will affect
the momentum exchange in the fluid layers.
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