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The present study aims to investigate the analysis of stress, strain, displacement, and electrical 

potential of a thick hollow cylinder made of FGPM under mechanical and thermal loads. Distribu-

tion of mechanical property of material is considered along the shell stick through the power 

distribution function. Thermal loads have been taken to signify the difference of temperature 

between outer and inner surfaces for each type of mechanical property. After extracting and solv-

ing the differential equations in transient state and the observation of mechanical and thermal 

boundary conditions, governing functions are obtained through the following parameters: ther-

mal conduction non-homogeneous parameters, thermal linear distribution coefficient, elastic 

stiffness constant, piezo-electric coefficient, and dielectric constants. 
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1. Introduction    

The cylinders are widely used under applied 

loads and in recent years, they have experienced 

the emergence of governing equations on 

cylinders and methods sought to solve such 

equations. Jabbari et al. [1] investigated the effect 

of transient state thermal stress on a FGPM 

cylinder. They used direct method to solve the 

problem and compared the results with the results 

of the power function method.  

The presented method is very extensible even to 

solve the mixed boundary condition problems. 

They studied the distribution of stress in cylinder 

for different boundary conditions. Jabbari et al. [2] 

in another research investigated the effect of 

mechanical and transient state thermal stresses in 

FGM cylinder analytically through the Bessel 

functions. The analysis shows that as the power 

law indices increase, the mechanical stresses 

increased as well until they reach a constant value, 

where the mechanical stresses remain constant 

from the metal surface to the ceramic surface of 

the cylinder; this value of mechanical effective 

stress yields the optimum pressure vessel. 

Soufiye’s study [3] scrutinized FGM cone 

cylindrical shell under widespread pressed loads 

and press of hydrostatic, where some formulas 

were obtained. Ging-Hua Zhang et al. [4] surveyed 

the thermo-dynamical behavior and the effects of 

type and load on one FGM, applying Van Karmen 

Theory (VKT) through numerical solution method 

under the change of the surface shape. Hui-Shen et 

al. [5] investigated the post-buckling FGM hybrid 

shells under pressed loads in thermal hoops; then, 

they analyzed the post-buckling for an FGM 
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piezoelectric cylindrical shell under hydrostatic 

pressure and electrical load in thermal hoops. 

Shao [6] presented three-dimensional solution to 

obtain the stress fields in an FGM cylindrical plate 

with a finite length; mechanical and thermal loads 

were tested on the plate and the results were 

presented in graphs. 

Piezoelectric materials show coupled effects 
between elastic and electric fields; these materials 
have been widely used as the actuators or sensors 
in smart composite material systems. Many 
analytical studies concerning piezo-elastic or 
piezo-thermo-elastic problems have been 
reported and the results have been published in 
book forms [7]. Recently, a new type of 
piezoelectric material named functionally graded 
piezoelectric materials (FGPM), with material 
constants varying continuously in terms of 
thickness direction has been developed [8-10]. 
Electromagneto-thermoelastic treatment for a 
FGPM hollow cylinder has been measured [11]. 
Obata et al. [12] presented the solution for 
thermal stresses of a hollow thick cylinder made 
of FGM under 2D transient temperature 
distribution. Shariyat et al. [13] presented the 
nonlinear transient thermal stress and elastic 
wave propagation analyses of thick temperature-
dependent FGM cylinders, through a second-order 
point-collocation method. Lü Chen et al. [14] 
investigated the elastic mechanical behavior of 
Nano-scaled FGM films incorporating surface 
energies. Afsar et al. [15] studied the inverse 
problems of material distributions for prescribed 
apparent fracture toughness in FGM coatings 
around a circular hole in infinite elastic media. 
Farid et al. [16] investigated the 3D temperature 
dependent free vibration analysis of FGM curved 
panels resting on two-parameter elastic 
foundation using a hybrid semi-analytic, 
differential quadrature method. Bagri and Eslami 
[17] showed the general coupled thermo-elasticity 
of FGM annular disk, considering the Lord–
Shulman Theory. Samsam et al. [18] studied the 
buckling of thick FG plates under mechanical and 
thermal loads. Jabbari et al. [19] studied an 
axisymmetric mechanical and thermal stresses in 
thick, short length FGM cylinder. They applied 
separation of variables and Complex Fourier 
series to solve the heat conduction and Navier 
equation. Thieme et al. [20] presented the 
Titanium powder sintering for the preparation of 
a porous FGM destined as a skeletal replacement 
implant. Jabbari et al. [21] used the generalized 
Bessel function to investigate the axisymmetric 
mechanical and thermal stresses in thick short 

length FGM cylinders. Asghari and Ghafoori [22] 
investigated the 3D elasticity solution for 
functionally graded rotating disks. Khoshgoftar et 
al. [23] presented the thermo-elastic analysis of a 
thick walled FGPM cylinder.  

Jabbari et al. [24] investigated the transient 
solution of asymmetric mechanical and thermal 
stresses for hollow cylinders made of functionally 
graded material. They analytically obtained the 
temperature distribution, as function of radial and 
circumferential directions and time, using the the 
method of separation of variables and generalized 
Bessel function, and a direct method were used to 
solve the Navier equations, using the Euler 
equation and complex Fourier series. The 
difference between reference [24] and the present 
work is in cylindermaterial, which at present work 
is used piezo-electric material in FGM cylinder. 

In another research [25], an analytical method 
of a thermoelastic problem for a medium with FG 
material properties was developed in a theoretical 
manner for the elliptic-cylindrical coordinate 
system subjected to the presumption that the 
material properties except for Poisson's ratio and 
density are assumed to vary arbitrarily with the 
exponential law in the radial direction. The Stress 
Functions Extraction in a hollow cylinder under 
heating and cooling was investigated by Lamba et 
al. [26]. 

Thermal elastic stress distribution occurred on 
FGM long hollow cylinders was analytically 
defined under thermal, mechanical and thermo-
mechanical loads. In the closed form, solutions for 
elastic stresses and displacements are obtained 
analytically using the infinitesimal deformation 
theory of elasticity [27].  

Khobragade et al. [28-36] investigated the 
temperature distribution, displacement function, 
and stresses of a thin as well as thick hollow 
cylinder and also have established the 
displacement function, temperature distribution 
and stresses of a semi-infinite cylinder. In 
addition, Cursun et al. [37], has performed an 
elastic stress analysis of annular FGMs discs under 
both uniform pressures on the inner surface and a 
linearly decreasing temperature distribution. 
The study of temperature distribution and thermal 
stresses of a FG thick hollow cylinder with 
temperature-dependent material properties by 
Manthena and Kedar [38] was investigated. All the 
material properties except Poisson’s ratio are 
assumed to be dependent on temperature and 
spatial coordinate z. The two-dimensional 
transient heat conduction equation was solved 
under convective heat transfer condition with 
varying point heat source.  
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The application of this structure is mostly in 
military structures, aerospace, and also the 
medical engineering. The main difference between 
this article and other similar studies is in the 
solution method and how to achieve the answer.  
In addition, in similar previous studies, more than 
FGM was used while FPGM was used in this work. 

2. Equilibrium Equations 

The main objective of the present study is 

surveying a hollow thick FGPM cylinder with inner 

and outer radii, a and b, which are shown in Fig. 1. 

The condition is in transient state; therefore, the 

component of time is observed in temperature 

equations. 

This picture is the designed FGM Cylinder model 

in ABAQUS and aims to show a general schema. 

Strain–displacement equations are as follow: 

 

𝜀𝑟𝑟 = 𝑢,𝑟   , 𝜀𝜃𝜃 =
𝑢

𝑟
+

1

𝑟
𝑣,𝜃 , 𝜀𝑟𝜃

=
1

2
(

1

𝑟
𝑢,𝜃 + 𝑣,𝑟 −

𝑣

𝑟
) 

(1) 

where u and v are the displacement components 
along r and θ directions, respectively. The stress-
strain equations could be expressed as follow [24]: 

𝜎𝑟𝑟 = 𝐶11𝜀𝑟𝑟 + 𝐶12𝜀𝜃𝜃 + 𝑒21𝐸𝑟

− 𝑧𝑟𝑇(𝑟, 𝜃) 
(2-1) 

𝜎𝜃𝜃 = 𝐶22𝜀𝜃𝜃 + 𝐶12𝜀𝑟𝑟 + 𝑒22𝐸𝑟

− 𝑧𝜃𝑇(𝑟, 𝜃) 
(2-2) 

𝜎𝑟𝜃 = 2𝐶44𝜀𝑟𝜃 − 𝑒24𝐸𝜃 (2-3) 

The material used for this sample is orthotropic.  

 

Fig. 1. Schematic view of a FGPM cylinder 

where: 

𝑧𝑟 = 𝐶11𝛼𝑟 + 2𝐶12𝛼𝜃  , 𝑧𝜃 = 𝐶22𝛼𝜃 + 2𝐶12𝛼𝑟 (3) 

In the above relationship, coefficients Cij, eij, εii, gij 
(i=1,2), are the constants of elastic, piezoelectric, 
dielectric and temperature coefficient. 

Furthermore, Cij, eij (i, j = 1, 2, 4) are elastic, pi-

ezoelectric constants. Also, Zr, Z; the material pa-
rameters, (Er, Eθ); the electric potential, T(r,θ); 
temperature distribution and αr, αθ are thermal 
expansion coefficients, respectively. And govern-
ing equations on potential electrical field are [24]: 

𝐷𝑟𝑟 = 𝑒21𝜀𝜃𝜃 + 𝑒21𝜀𝑟𝑟 − 𝜒11𝐸𝑟

+ 𝑔22𝑇(𝑟, 𝜃) 
(4-1) 

𝐷𝜃𝜃 = 2𝑒24𝜀𝑟𝜃 − 𝜒22𝐸𝜃 + 𝑔21𝑇(𝑟, 𝜃) (4-2) 

𝐸𝑟 =
𝜕𝜑

𝜕𝑟
  , 𝐸𝑟 =

1

𝑟

𝜕𝜑

𝜕𝜃
 (4-3) 

Here, Cij, eij and χii are elastic, piezoelectric, and 
dielectric constants, gij (i=1, 2) signify the thermal 
coefficients. In addition, electro-static and equilib-
rium equations are as follow: 

𝜎𝑟𝑟,𝑟 +
1

𝑟
𝜎𝑟𝜃,𝜃 +

1

𝑟
(𝜎𝑟𝑟 − 𝜎𝜃𝜃) = 0 (5-1) 

𝜎𝑟𝜃,𝑟 +
1

𝑟
𝜎𝜃𝜃,𝜃 +

2

𝑟
𝜎𝑟𝜃 = 0 (5-2) 

𝜕

𝜕𝑟
(𝐷𝑟𝑟) +

1

𝑟
𝐷𝑟𝑟 +

1

𝑟

𝜕

𝜕𝜃
(𝐷𝜃𝜃) = 0 (5-3) 

Using weight-power equations, the modelling of 
nonhomogeneous property can be defined as fol-
low [24]: 

𝑒𝑖𝑗 = 𝑒̅𝑖𝑗𝑟𝑚 , 𝑔2𝑖 = 𝑔̅2𝑖𝑟
2𝑚 , 𝑧𝑟,𝜃 = 𝑧̅𝑟,𝜃𝑟2𝑚  

(6) 
𝜒𝑖𝑖 = 𝜒̅𝑖𝑖𝑟

𝑚 , 𝛼𝑟 = 𝛼01𝑟𝑚, 𝛼𝜃 = 𝛼02𝑟𝑚 

where 𝑒̅𝑖𝑗 , 𝑔̅2𝑖 , 𝑧̅𝑟,𝜃 , 𝜒̅𝑖𝑖 , 𝛼01, 𝛼02 are the material 

parameters and m is the power-low indices of the 
material. The equilibrium equations are obtained 
as follow in terms of the displacement compo-
nents: 

𝑢,𝑟𝑟 + (𝑚 + 1)
1

𝑟
𝑢,𝑟 +

1

𝑟2
(

𝐶12(𝑚+1)−𝐶22

𝐶33
) 𝑢 +

1

𝑟2

𝐶44

𝐶11
𝑢,𝜃𝜃 +

1

𝑟
(

𝐶12

𝐶11
+

𝐶44

𝐶11
) (𝑣,𝜃),𝑟 +

1

𝑟2
(

𝑚𝐶12−𝐶22−𝐶44

𝐶11
) (𝑣,𝜃)𝑟𝑚 =

((
(𝑚1+𝑚4−1)𝐶11−2𝐶12

𝐶11
𝑟𝑚−1𝛼01 +

(2𝑚2+𝑚4+1)𝐶12+𝐶22

𝐶11
𝑟𝑚−1𝛼02)𝑇(𝑟, 𝜃) +

𝐶11𝑟𝑚𝛼01+2𝐶12𝑟𝑚𝛼02

𝐶11

𝑑𝑇

𝑑𝑟
)𝑟𝑚                                              

(7) 
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(𝐶44𝑣,𝑟𝑟 + (𝑚 + 1)𝐶44

1

𝑟
𝑣,𝑟 +

1

𝑟2
𝐶22𝑣,𝜃𝜃

−
1

𝑟2
(𝑚 + 1)𝐶44𝑣 +

1

𝑟
(𝐶44

+ 𝐶12)𝑢,𝑟𝜃

+ (
1

𝑟2
((𝑚 + 1)𝐶44

+ 𝐶12)𝑢,𝜃)𝑟𝑚  ((2𝐶12𝑟𝑚𝛼01

+ 𝐶22𝑟𝑚𝛼02)
1

𝑟
𝑇,𝑟)𝑟𝑚 

(8) 

𝑢,𝑟𝑟 + (𝑚 +
𝑒̅21

𝑒̅11

)
1

𝑟
𝑢,𝑟 +

1

2𝑟2

𝑒̅24

𝑒̅11

𝑢,𝜃𝜃

+
𝑚

𝑟2

𝑒̅21

𝑒̅11

𝑢

+
1

𝑟
(

2𝑒̅21 + 𝑒̅24

2𝑒̅11

) 𝑣,𝑟𝜃

−
1

𝑟2

𝑒̅24

𝑒̅11

𝑣,𝜃

− (
𝜂11

𝑒̅11

𝜑,𝑟𝑟 + (
𝜂11

𝑒̅11

)
1

𝑟
𝜑,𝑟

+
1

𝑟2
(

𝜂22

𝑒̅11

) 𝜑,𝜃𝜃) 𝑟−𝑚

= −𝑟−𝑚(((2𝑚 + 1)
𝑒̅22

𝑒̅11

) 𝑇

+
𝑒̅22

𝑒̅11

𝑇,𝑟 +
𝑒̅21

𝑒̅11

𝑇,𝜃) 

(9) 

where:  

𝑆 =
𝑔21

𝑔22

  ,     𝑓 =
𝑧𝜃

𝑧𝑟

 (10) 

In the next section, first temperature distribu-

tion is obtained in transient state for cylinder, the 

application of which will solve the differential 

equations. 

2.1. Temperature Distribution 

It is assumed that in hollow cylinder, 𝑇𝑎  and 

𝑇𝑏 represent the temperatures in internal and ex-

ternal radii, respectively. Therefore, heat conduc-

tion equation for cylindrical coordinates will be as 

follows: 

1

𝑟2

𝜕

𝜕𝑟
(𝑘𝑟2

𝜕𝑇

𝜕𝑟
) +

1

𝑟2

𝜕

𝜕𝜃
(𝑘

𝜕𝑇

𝜕𝜃
)

+
𝜕

𝜕𝑧
(𝑘

𝜕𝑇

𝜕𝑧
) + 𝑅 = 𝜌𝑐

𝜕𝑇

𝜕𝑡
 

(11) 

 

where, R is the inner thermal source, k is the coef-

ficient of thermal conduction, 𝜌 is density and 𝑐 is 

the specific heat capacity, the components de-

pending on the property of cylindrical source are 

as follow: 

𝑘(𝑟) = 𝑘0𝑟𝑚  , 𝜌 = 𝜌0𝑟𝑚  , 𝑐 = 𝑐0𝑟𝑚  , 𝑘0

=
𝑘(𝑎)

𝑎𝑚
 

(12) 

where 
0 0 0,   ,   k c the material parameters and 

m are is the power-low indices of the material. 

Substituting Eq. (12) into Eq. (11), heat conduc-

tion equation in FGM cylinder can yield the follow-

ing equation: 

𝑇,𝑟𝑟 +
1

𝑟
(𝑚 + 1)𝑇,𝑟 +

1

𝑟2
𝑇,𝜃𝜃 +

𝑅

𝑘0𝑟𝑚

=
𝜌0𝑐0

𝑘0

 𝑟𝑚𝑇,𝑡 
(13) 

Initial and boundary conditions are shown as: 

𝑇(𝑟, 𝜃, 0) = 𝑔3(𝑟, 𝜃) , 𝑥11𝑇(𝑏, 𝜃, 𝑡)

+ 𝑥12𝑇,𝑟(𝑏, 𝜃, 𝑡)

= 𝑔1(𝜃, 𝑡) , 𝑥21𝑇(𝑎, 𝜃, 𝑡)

+ 𝑥22𝑇,𝑟(𝑎, 𝜃, 𝑡)

= 𝑔2(𝜃, 𝑡) 

(14) 

The solution of heat conduction equation (11) is 

assumed to be: 

𝑇(𝑟, 𝜃, 𝑡) = 𝑤(𝑟, 𝜃, 𝑡) + 𝑌(𝑟, 𝜃, 𝑡) (15) 

𝑤(𝑟, 𝜃, 𝑡) is defined in such a way that the bounda-
ry conditions for 𝑌(𝑟, 𝜃, 𝑡) are zero Such that the 
definition of 𝑤(𝑟, 𝜃, 𝑡) guarantees the vanishing of 
boundary conditions for 𝑌(𝑟, 𝜃, 𝑡): 

𝑊(𝑟, 𝜃, 𝑡) = 𝐴(𝜃, 𝑡)𝑟2 + 𝐵(𝜃, 𝑡)𝑟 (16) 

A and B are the unknown functions obtained from 
Eqs. [37] and [38]. Therefore: 

𝑟𝑚𝑌,𝑡 −
𝑘0

𝜌0𝑐0

(𝑌,𝑟𝑟 +
1

𝑟
(𝑚 + 1)𝑌,𝑟

+
1

𝑟2
𝑌,𝜃𝜃) = 𝑅1 

(17) 

𝑅1 =
𝑅

𝜌𝑐
−𝐴,𝑡𝑟2−𝐵,𝑡𝑟 +

𝑘

𝜌𝑐
(4𝐴 + 𝐴,𝜃𝜃

+
1

𝑟
(𝐵 + 𝐵,𝜃𝜃) 

(18) 
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𝑥11𝑌(𝑏, 𝜃, 𝑡) + 𝑥12𝑌,𝑟(𝑏, 𝜃, 𝑡) = 0 ,
𝑥21𝑌(𝑎, 𝜃, 𝑡)
+ 𝑥22𝑌,𝑟(𝑎, 𝜃, 𝑡)

= 0 , 𝑌(𝑟, 𝜃, 0)
= 𝑔3(𝑟, 𝜃) − 𝑤(𝑟, 𝜃, 0) 

(19) 

To solve the Eq. (17), using the method of sepa-

ration of variables, onecan write: 

𝑌(𝑟, 𝜃, 𝑡) = ∑ ∑ 𝐹𝑘𝑛(𝑟)𝐺𝑘𝑛(𝑡)𝑒𝑖𝑛𝜃

∞

𝑘=−∞

∞

𝑛=−∞

 (20) 

In addition, i is a complex number. where: 

𝐹𝑘𝑛(𝑟)

= 𝑟−
𝑘+1

2 (𝑎1𝐽𝑝 (𝜆𝑘𝑛

𝑟𝑓

𝑓
) + 𝑎2𝐽−𝑝 (𝜆𝑘𝑛

𝑟𝑓

𝑓
))

= 𝑟−
𝑘+1

2 𝐶𝑝 (𝜆𝑘𝑛

𝑟𝑓

𝑓
) 𝐶𝑝 (𝜆𝑘𝑛

𝑟𝑓

𝑓
)

= 𝑎1𝐽𝑝 (𝜆𝑘𝑛

𝑟𝑓

𝑓
) + 𝑎2𝐽−𝑝 (𝜆𝑘𝑛

𝑟𝑓

𝑓
) , 𝑓

=
𝑘 + 2

2
 

(21) 

𝐽𝑝and 𝐽−𝑝 are the Bessel function of the first 

kind: 

𝐽𝑝 (𝜆𝑘𝑛

𝑟𝑓

𝑓
) = ∑

(−1)𝑘 (
𝜆𝑘𝑛

2

𝑟𝑓

𝑓
)

2𝑙+𝑝

𝑙! Г(𝑙 + 𝑝 + 1)

∞

𝑙=0

 (22-1) 

𝐽−𝑝 (𝜆𝑘𝑛

𝑟𝑓

𝑓
) = ∑

(−1)𝑘 (
𝜆𝑘𝑛

2

𝑟𝑓

𝑓
)

2𝑙−𝑝

𝑙! Г(𝑙 + 𝑝 + 1)

∞

𝑙=0

 (22-2) 

On the other hand, substituting equation (20) in 

relation (17), equation (23) can be obtained: 

𝜌0𝑐0

𝑘0

𝐺̇𝑘𝑛(𝑡)

𝐺𝑘𝑛

=
𝐹̈𝑘𝑛(𝑡) +

𝑘+1

2
𝐹̇𝑘𝑛(𝑡) −

𝑛2

𝑟2 𝐹𝑘𝑛

𝐹𝑘𝑛

= −𝜆𝑘𝑛
2  

(23) 

. (Dot) is time derivative,  is displacement de-

rivative. By using (20): 

𝑌(𝑟, 𝜃, 𝑡)

= ∑ ∑ 𝑟−
𝑘+1

2 𝑎1𝐶𝑝 (𝜆𝑘𝑛

𝑟𝑓

𝑓
) 𝐺𝑘𝑛(𝑡)𝑒𝑖𝑛𝜃

∞

𝑘=1

∞

𝑛=−∞

 
(24) 

𝑥11𝑌(𝑏, 𝜃, 𝑡) + 𝑥12𝑌,𝑟(𝑏, 𝜃, 𝑡) = 0 ,

𝑥21𝑌(𝑎, 𝜃, 𝑡)

+ 𝑥22𝑌,𝑟(𝑎, 𝜃, 𝑡) = 0 

(25) 

Substituting (20) in previous relations (15, 

17&19) gives the following system of differential 

equations: 

𝑎1(𝑥11𝑟−
𝑘+1

2 𝐽𝑝(𝜆𝑘𝑛

𝑏𝑓

𝑓
)

−
𝑘 + 1

2
𝑥12𝑟−

𝑘+3

2 𝐽𝑝(𝜆𝑘𝑛

𝑏𝑓

𝑓
)

+ 𝑥12𝑟−
𝑘+1

2 𝐽𝑝̇(𝜆𝑘𝑛

𝑏𝑓

𝑓
))

+ 𝑎2(𝑥11𝐽−𝑝(𝜆𝑘𝑛

𝑏𝑓

𝑓
)

+ 𝑥12𝐽−𝑝(𝜆𝑘𝑛

𝑏𝑓

𝑓
)

+ 𝑥12𝑟−
𝑘+1

2 𝐽−̇𝑝(𝜆𝑘𝑛

𝑏𝑓

𝑓
)) = 0 

(26-1) 

𝑎1(𝑥11𝑟−
𝑘+1

2 𝐽𝑝(𝜆𝑘𝑛

𝑏𝑓

𝑓
)

−
𝑘 + 1

2
𝑥12𝑟−

𝑘+3

2 𝐽𝑝𝑎1(𝑥11𝑟−
𝑘+1

2 𝐽𝑝(𝜆𝑘𝑛

𝑎𝑓

𝑓
)

−
𝑘 + 1

2
𝑥12𝑟−

𝑘+3

2 𝐽𝑝(𝜆𝑘𝑛

𝑎𝑓

𝑓
)

+ 𝑥12𝑟−
𝑘+1

2 𝐽𝑝̇(𝜆𝑘𝑛

𝑎𝑓

𝑓
)) + 𝑎2(𝑥11𝐽−𝑝(𝜆𝑘𝑛

𝑎𝑓

𝑓
)

+ 𝑥12𝐽−𝑝(𝜆𝑘𝑛

𝑎𝑓

𝑓
) + 𝑥12𝑟−

𝑘+1

2 𝐽−̇𝑝(𝜆𝑘𝑛

𝑎𝑓

𝑓
))

= 0 

(26-2) 

By putting the obtained determinant of coeffi-

cients in this differential equation, equal to zero 

the positive roots 𝜆𝑘𝑛will emerge as follow: 

(𝑥11𝑟−
𝑘+1

2 𝐽𝑝(𝜆𝑘𝑛

𝑏𝑓

𝑓
)

−
𝑘 + 1

2
𝑥12𝑟−

𝑘+3

2 𝐽𝑝(𝜆𝑘𝑛

𝑏𝑓

𝑓
)

+ 𝑥12𝑟−
𝑘+1

2 𝐽𝑝̇(𝜆𝑘𝑛

𝑏𝑓

𝑓
)) (𝑥11𝐽−𝑝(𝜆𝑘𝑛

𝑎𝑓

𝑓
)

+ 𝑥12𝐽−𝑝(𝜆𝑘𝑛

𝑎𝑓

𝑓
) + 𝑥12𝑟−

𝑘+1

2 𝐽−̇𝑝(𝜆𝑘𝑛

𝑎𝑓

𝑓
))

− (𝑥11𝑟−
𝑘+1

2 𝐽𝑝(𝜆𝑘𝑛

𝑎𝑓

𝑓
)

−
𝑘 + 1

2
𝑥12𝑟−

𝑘+3

2 𝐽𝑝(𝜆𝑘𝑛

𝑎𝑓

𝑓
)

+ 𝑥12𝑟−
𝑘+1

2 𝐽𝑝̇(𝜆𝑘𝑛

𝑎𝑓

𝑓
)) (𝑥11𝐽−𝑝(𝜆𝑘𝑛

𝑏𝑓

𝑓
)

+ 𝑥12𝐽−𝑝(𝜆𝑘𝑛

𝑏𝑓

𝑓
) + 𝑥12𝑟−

𝑘+1

2 𝐽−̇𝑝(𝜆𝑘𝑛

𝑏𝑓

𝑓
))

= 0 

(27) 

Substituting Eq (24) into Eq (17) gives: 
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𝑅1 = ∑ ∑ 𝑟−
𝑘+1

2 𝑎1𝐶𝑝(𝜆𝑘𝑛

𝑟𝑓

𝑓
)(𝐺̇𝑘𝑛(𝑡)

∞

𝑘=1

∞

𝑛=−∞

+
𝑘0

𝜌0𝑐0

𝜆𝑘𝑛
2 𝐺𝑘𝑛(𝑡))𝑒𝑖𝑛𝜃 

(28) 

where the following relation is extracted: 

𝐺̇𝑘𝑛(𝑡) +
𝑘

𝜌𝑐
𝜆𝑘𝑛

2 𝐺𝑘𝑛(𝑡)

=
2𝑛 + 1

2𝜋 |𝐶𝑝(𝜆𝑘𝑛
𝑟𝑓

𝑓
|

2

𝑎1

× ∫ ∫ 𝑟
𝑘+3

2 𝑅1(𝑟, 𝜃, 𝑡)𝐶𝑝(𝜆𝑘𝑛𝑟)
𝑏

𝑎

2𝜋

0

𝑒−𝑖𝑛𝜃𝑑𝑟𝑑𝜃 

(29) 

The previous equation is an ordinary differential 

equation which will be solved through the applica-

tion of: 

|𝐶𝑝(𝜆𝑘𝑛

𝑟𝑓

𝑓
|

2

= ∫ [𝐶𝑝(𝜆𝑘𝑛

𝑟𝑓

𝑓
]2𝑟𝑑𝑟 ,   𝑅1

∗(𝑡)
𝑏

𝑎

= ∫ ∫ 𝑟
𝑘+3

2 𝑅1(𝑟, 𝜃, 𝑡)𝐶𝑝(𝜆𝑘𝑛

𝑟𝑓

𝑓
)

𝑏

𝑎

2𝜋

0

𝑒−𝑖𝑛𝜃𝑑𝑟𝑑𝜃    

(30) 

The solution of the differential equation (31) is 

as follows: 

𝐺𝑘𝑛(𝑡) = 𝑒− ∫ 𝜋𝑑𝑡(𝑏1𝑛 +

∫
2𝑛+1

2|𝐶𝑝(𝜆𝑘𝑛
𝑟𝑓

𝑓
|
2

𝑎1

𝑅1
∗(𝑡)𝑒− ∫ 𝜋𝑑𝑡dt)  (31) 

where: 

𝜏 =
𝑘0

𝜌0𝑐0

𝜆𝑘𝑛
2  (32) 

therefore: 

𝑌(𝑟, 𝜃, 𝑡)

= ∑ ∑ 𝑟−
𝑘+1

2 𝑎1𝐶𝑝(𝜆𝑘𝑛

𝑟𝑓

𝑓
)𝑒− ∫ 𝜋𝑑𝑡(𝑏1𝑛

∞

𝑘=1

∞

𝑛=−∞

+ ∫
2𝑛 + 1

2 |𝐶𝑝(𝜆𝑘𝑛
𝑟𝑓

𝑓
|

2

𝑎1

𝑅1
∗(𝑡)𝑒− ∫ 𝜋𝑑𝑡dt)𝑒𝑖𝑛𝜃 

(33) 

Using the initial condition, indeed, equation (17) 

gives: 

𝑌(𝑟, 𝜃, 0) = 𝑔3(𝜃, 𝑟) − 𝑤(𝑟, 𝜃, 0) (34) 

So, the equilibrium equation is extracted as fol-

lows: 

(𝑟, 𝜃, 𝑡)

= ∑ ∑ 𝑟−
𝑘+1

2 𝑎1𝐶𝑝(𝜆𝑘𝑛

𝑟𝑓

𝑓
)𝑒− ∫ 𝜋𝑑𝑡(𝑏1𝑛

∞

𝑘=1

∞

𝑛=−∞

+ ∫
2𝑛 + 1

2 |𝐶𝑝(𝜆𝑘𝑛
𝑟𝑓

𝑓
|

2

𝑎1

𝑅1
∗(𝑡)𝑒− ∫ 𝜋𝑑𝑡dt)𝑒𝑖𝑛𝜃

+ 𝐴(𝑡, 𝜃)𝑟2 + 𝐵(𝑡, 𝜃) 𝑟 

(35) 

where: 

𝑏1𝑛

=
2𝑛 + 1

2 |𝐶𝑝(𝜆𝑘𝑛
𝑟𝑓

𝑓
|

2

× ∫ ∫ 𝑟
𝑘+3

2 (𝑔3(𝑟, 𝜃)
𝑏

𝑎

2𝜋

0

− 𝑤(𝑟, 𝜃, 0))𝐶𝑝(𝜆𝑘𝑛

𝑟𝑓

𝑓
) 𝑒−𝑖𝑛𝜃𝑑𝑟𝑑𝜃

− 𝐺(0) 

(36) 

𝐴 and 𝐵 as unknown functions are obtained by 

solving the following 2-equations and 2-unknown 

system: 

𝑥11𝑇(𝑏, 𝜃, 𝑡) + 𝑥12𝑇,𝑟(𝑏, 𝜃, 𝑡) = 𝑔1(𝜃, 𝑡) ,

𝑥21𝑇(𝑎, 𝜃, 𝑡)

+ 𝑥22𝑇,𝑟(𝑎, 𝜃, 𝑡)

= 𝑔2(𝜃, 𝑡) 

(37) 

𝐴(𝜃, 𝑡)(𝑥11𝑏2 + 2𝑥12𝑏) + 𝐵(𝜃, 𝑡)(𝑥11𝑏

+ 𝑥12) = 𝑔1(𝜃, 𝑡) ,

𝐴(𝜃, 𝑡)(𝑥21𝑎2 + 2𝑥22𝑎)

+ 𝐵(𝜃, 𝑡)(𝑥21𝑎 + 𝑥22)

= 𝑔2(𝜃, 𝑡) 

(38) 

2.2. Equilibrium Equations Solution 

Equations (7), (8), and (9) could be solved using 

the power series as follow [24]: 
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𝑢(𝑟, 𝜃)

= ∑ 𝑢𝑛(𝑟)𝑒𝑖𝑛𝜃 , 𝑣(𝑟, 𝜃)

∞

𝑛=−∞

= ∑ 𝑣𝑛(𝑟)𝑒𝑖𝑛𝜃 , 𝜑(𝑟, 𝜃)

∞

𝑛=−∞

= ∑ 𝜑𝑛(𝑟)𝑒𝑖𝑛𝜃 

∞

𝑛=−∞

   

(39) 

By substituting (36) and (31) into (7), (8) and 

(9): 

𝑢̈𝑛(𝑟) + (𝑘 + 1)
1

𝑟
𝑢̇𝑛(𝑟)

+
1

𝑟2
(

𝐶12(𝑘 + 1) − 𝐶22 − 𝑛2𝐶44

𝐶11

) 𝑢𝑛(𝑟)

+
1

𝑟
(𝑖𝑛 (

𝐶11 + 𝐶44

𝐶11

)) 𝑣̇𝑛(𝑟)

+
𝑖𝑛

𝑟2
(

𝑘𝐶12 − 𝐶22 − 𝐶66

𝐶11

) 𝑣𝑛(𝑟)

= ((
(𝑘1 + 𝑘4 − 1)𝐶11 − 2𝐶12

𝐶11

𝑟𝑘−1𝛼01

+
2(𝑘2 + 𝑘4 + 1)𝐶12 + 𝐶22

𝐶11

𝑟𝑘−1𝛼02)

× 𝑇(𝑟, 𝜃)

+
𝐶11𝑟𝑘𝛼01 + 2𝐶12𝑟𝑘𝛼02

𝐶11

𝑑𝑇

𝑑𝑟
)𝑟𝑘 

(40) 

𝑣̈𝑛(𝑟) + (𝑘 + 1)
1

𝑟
𝑣̇𝑛(𝑟) −

1

𝑟2
((𝑘 + 1)

+
𝑛2𝐶22

𝐶44

)𝑣𝑛(𝑟) −
𝑖𝑛

𝑟
(1

+
𝐶12

𝐶44

)𝑢̇𝑛(𝑟)

−
𝑖𝑛

𝑟2
(𝑘 + 1

+
𝐶12

𝐶44

) 𝑢𝑛(𝑟)

= ((2𝐶12𝑟𝑘𝛼01

+ 𝐶22𝑟𝑘𝛼02)
1

𝑟

𝑑𝑇

𝑑𝑟
)𝑟𝑘 

(41) 

𝑢̈𝑛(𝑟) + (𝑘 +
𝑒2̅1

𝑒1̅1
)

1

𝑟
𝑢̇𝑛(𝑟) −

1

𝑟2

2𝑘𝑒2̅1−𝑛2𝑒2̅4

2𝑒1̅1
𝑢𝑛(𝑟) +

𝑖𝑛

𝑟
(

2𝑒̅21+𝑒2̅4

2𝑒̅11
) 𝑣̇𝑛(𝑟) −

𝑖𝑛

𝑟2

𝑒2̅4

𝑒1̅1
𝑣𝑛(𝑟) −

𝜒̅22

𝑒1̅1
𝜑̈𝑛(𝑟) −

𝜒̅22

𝑒1̅1
×

1

𝑟
(𝑘 + 2)𝜑̇𝑛(𝑟) +

𝑛2

𝑟2

𝜒̅11

𝑒1̅1
𝜑𝑛(𝑟) = −𝑟𝑚−1(((2k+1) 

𝑔22

𝑒1̅1
)𝑇 +

𝑔22

𝑒1̅1
𝑇,𝑟 +

𝑔21

𝑒1̅1
𝑇,𝜃)                   

(42) 

Solution of homogeneous part of three upper 

equations is as follow: 

𝑢𝑛
𝑔(𝑟) = 𝐷𝑟𝑛  , 𝑣𝑛

𝑔(𝑟) = 𝐸𝑟𝑛 , 𝜑𝑛
𝑔(𝑟) =

𝐹𝑟𝑛                  
(43) 

where 𝐷, 𝐸 and 𝐹 are constants obtained using 

boundary conditions and g means the general so-

lution, through substituting (43) into (42), (41) 

and (40): 

[𝜂(𝜂 − 1) + (𝑘 + 1)𝜂 +

𝐶12(𝑘+1)−𝐶22−𝑛2𝐶44

𝐶1̅1
] 𝐷 + 𝑖 [(

𝐶12+𝐶44

𝐶11
) 𝜂 +

𝑘𝐶12−𝐶22−𝐶44

𝐶11
] 𝑛𝐸 = 0                  

(44) 

[𝜂(𝜂 − 1) + (𝑘 − 1)𝜂 − ((𝑘 + 1) +

𝑛2𝐶22

𝐶44
] 𝐸 + 𝑖 [(

𝐶12+𝐶44

𝐶44
) 𝜂 + (𝑘 + 1 +

𝐶12

𝐶44
)] 𝑛𝐷 = 0                  

(45) 

[𝜂(𝜂 − 1) + (𝑘 +  
𝑒2̅1

𝑒1̅1
) 𝜂 +

(
2𝑘𝑒2̅1−𝑛2𝑒2̅4

2𝑒1̅1
)] 𝐷 + 𝑖𝑛 [(

2𝑒2̅1+𝑒2̅4

2𝑒1̅1
) 𝜂 −

𝑒2̅4

𝑒1̅1
] 𝐸 − [

𝜒̅22

𝑒2̅2
𝜂(𝜂 − 1) +

𝜒̅22

𝑒2̅2
𝜂(𝑘 + 2) −

𝑛2 𝜒̅11

𝑒1̅1
] 𝐹 =                   

(46) 

In order to provide the evident solution, the 

above equations must be equal to zero. Therefore, 

Eigen vectors 𝜇 are as follow:  

[𝜂(𝜂 − 1) + 𝜂(𝑘 + 1) +

𝐶12(𝑘+1)−𝐶22−𝑛2𝐶44

𝐶11
] × [𝜂(𝜂 − 1) +

𝜂(𝑘 − 1) − ((𝑘 + 1) + 𝑛2 𝐶22

𝐶44
)] ×

(− [(
𝜒̅22

𝑒2̅2
)𝜂(𝜂 − 1) + (

𝜒̅22

𝑒2̅2
)𝜂(𝑘 + 2) −

𝑛2(
𝜒̅11

𝑒1̅1
)]) − [(

𝐶12+𝐶44

𝐶11
) 𝜂 +

(
𝐶12𝑘−𝐶22−𝐶44

𝐶11
)] 𝑛 × [(1 +

𝐶12

𝐶44
) 𝜂 +

(𝑘 + 1 +
𝐶12

𝐶44
)] 𝑛 × [

𝜒̅22

𝑒2̅2
𝜂(𝜂 − 1) +

(
𝜒̅22

𝑒2̅2
)𝜂(𝑘 + 2) − 𝑛2(

𝜒̅11

𝑒1̅1
)] = 0                                                                                      

(47) 

where, 𝜂𝑛𝑗 is the more general case for η,Also, η as 

a parameter in equation (43), only one case n is 
used, Whereas, it is observed in equation (39) that 
displacements are a set of special cases for 𝑛 =
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−∞ to 𝑛 = ∞; therefore, for determining the gen-
eral solution, 𝜂𝑛𝑗 is used. Consequently, the gen-

eral solution is the linear combination of eigen 
vectors as follows: 

𝑢𝑛
𝑔(𝑟) = ∑ 𝐷𝑛𝑗

𝑔
𝑟𝜂𝑛𝑗6

𝑗=1 , 𝑣𝑛
𝑔(𝑟) =

∑ 𝑁𝑛𝑗𝐷𝑛𝑗
𝑔

𝑟𝜂𝑛𝑗6
𝑗=1 , 𝜑𝑛

𝑔(𝑟) =

∑ 𝑀𝑛𝑗𝐷𝑛𝑗
𝑔

𝑟𝜂𝑛𝑗6
𝑗=1                   

(48) 

where, by applying (47), 𝑀𝑛𝑗and 𝑁𝑛𝑗are obtained. 

Particular solution is assumed as follows [24]:  

𝑢𝑘𝑛
𝑝

= 𝑟
𝑚+1

2 ∑(𝐷𝑘𝑛𝑙1
𝑝

∞

𝑙=1

𝐽𝑝 (𝜆𝑘𝑛

𝑟𝑓

𝑓
)

+ 𝐷𝑘𝑛𝑙2
𝑝

𝐽−𝑝 (𝜆𝑘𝑛

𝑟𝑓

𝑓
)) × 𝑄𝑘𝑛(𝑡)

+ 𝐷𝑘𝑛𝑙3
𝑝

𝑟𝑘+2+𝐷𝑘𝑛𝑙4
𝑝

𝑟𝑘+3 

(49-1) 

𝑣𝑘𝑛
𝑝

= 𝑟
𝑘+1

2 ∑(𝐷𝑘𝑛𝑙5
𝑝

∞

𝑙=1

𝐽𝑝 (𝜆𝑘𝑛

𝑟𝑓

𝑓
)

+ 𝐷𝑘𝑛𝑙6
𝑝

𝐽−𝑝 (𝜆𝑘𝑛

𝑟𝑓

𝑓
)) × 𝑄𝑘𝑛(𝑡)

+ 𝐷𝑘𝑛𝑙7
𝑝

𝑟𝑘+2+𝐷𝑘𝑛𝑙8
𝑝

𝑟𝑘+3 

(49-2) 

𝜑𝑘𝑛
𝑝

= 𝑟
𝑘+1

2 ∑(𝐷𝑘𝑛𝑙9
𝑝

∞

𝑙=1

𝐽𝑝 (𝜆𝑘𝑛

𝑟𝑓

𝑓
)

+ 𝐷𝑘𝑛𝑙10
𝑝

𝐽−𝑝 (𝜆𝑘𝑛

𝑟𝑓

𝑓
)) × 𝑄𝑘𝑛(𝑡)

+ 𝐷𝑘𝑛𝑙11
𝑝

𝑟𝑘+2+𝐷𝑘𝑛𝑙12
𝑝

𝑟𝑘+3 

(49-3) 

By substituting upper equations and their deri-

vations in (40), (41) and (42) and definition of 

Bessel function of the first kind and the value of 

temperature distribution, four 3-equations and 3-

unknowns systems would be resulted .The coeffi-

cients 𝐷 are obtained by solving four systems as 

follow:  

{

(𝐷𝑘𝑛1
𝑝

𝑥𝑛1 + 𝐷𝑘𝑛5
𝑝

𝑥𝑛2 + 𝐷𝑘𝑛9
𝑝

𝑥𝑛3 = 𝑥𝑛4

(𝐷𝑘𝑛1
𝑝

𝑥𝑛15 + 𝐷𝑘𝑛5
𝑝

𝑥𝑛16 + 𝐷𝑘𝑛9
𝑝

𝑥𝑛17 = 𝑥𝑛18

(𝐷𝑘𝑛1
𝑝

𝑥𝑛29 + 𝐷𝑘𝑛5
𝑝

𝑥𝑛30 + 𝐷𝑘𝑛9
𝑝

𝑥𝑛31 = 𝑥𝑛32

 (50-1) 

{

(𝐷𝑘𝑛2
𝑝

𝑥𝑛5 + 𝐷𝑘𝑛6
𝑝

𝑥𝑛6 + 𝐷𝑘𝑛10
𝑝

𝑥𝑛7 = 𝑥𝑛8

(𝐷𝑘𝑛2
𝑝

𝑥𝑛19 + 𝐷𝑘𝑛6
𝑝

𝑥𝑛20 + 𝐷𝑘𝑛10
𝑝

𝑥𝑛21 = 𝑥𝑛22

(𝐷𝑘𝑛2
𝑝

𝑥𝑛33 + 𝐷𝑘𝑛6
𝑝

𝑥𝑛34 + 𝐷𝑘𝑛10
𝑝

𝑥𝑛35 = 𝑥𝑛36

 (50-2) 

{

(𝐷𝑘𝑛3
𝑝

𝑥𝑛9 + 𝐷𝑘𝑛7
𝑝

𝑥𝑛10 + 𝐷𝑘𝑛11
𝑝

𝑥𝑛11 = 0

(𝐷𝑘𝑛3
𝑝

𝑥𝑛23 + 𝐷𝑘𝑛7
𝑝

𝑥𝑛24 + 𝐷𝑘𝑛11
𝑝

𝑥𝑛25 = 0

(𝐷𝑘𝑛3
𝑝

𝑥𝑛37 + 𝐷𝑘𝑛7
𝑝

𝑥𝑛38 + 𝐷𝑘𝑛11
𝑝

𝑥𝑛39 = 0

 (50-3) 

{

(𝐷𝑘𝑛4
𝑝

𝑥𝑛12 + 𝐷𝑘𝑛8
𝑝

𝑥𝑛13 + 𝐷𝑘𝑛12
𝑝

𝑥𝑛14 = 0

(𝐷𝑘𝑛4
𝑝

𝑥𝑛26 + 𝐷𝑘𝑛8
𝑝

𝑥𝑛27 + 𝐷𝑘𝑛12
𝑝

𝑥𝑛28 = 0

(𝐷𝑘𝑛4
𝑝

𝑥𝑛40 + 𝐷𝑘𝑛8
𝑝

𝑥𝑛41 + 𝐷𝑘𝑛12
𝑝

𝑥𝑛42 = 0

 (50-4) 

In the last two 2-equations and 2-unknown sys-

tems, since coefficients determinant matrix does 

not vanish, the possible solution of these systems 

is the evident solution. Solutions of first 2 systems 

yield other coefficients. Complete solution of dis-

placement is as follows: 

𝑢𝑘𝑛(𝑟, 𝑡) = 𝑟
𝑘+1

2 ∑(𝐷𝑘𝑛𝑙1

∞

𝑙=0

𝐽𝑝 (𝜆𝑘𝑛

𝑟𝑓

𝑓
)

+ 𝐷𝑘𝑛𝑙2𝐽−𝑝 (𝜆𝑘𝑛

𝑟𝑓

𝑓
))

× 𝑄𝑘𝑛(𝑡)

+ 𝐷𝑘𝑛3𝑟𝑘+2𝐷𝑘𝑛𝑙4𝑟𝑘+3

+ ∑ 𝐵𝑛𝑗𝑟𝜂𝑛𝑗

6

𝑗=1

 

(51-1) 

𝑣𝑘𝑛(𝑟, 𝑡) = 𝑟
𝑘+1

2 ∑(𝐷𝑘𝑛𝑙5

∞

𝑙=0

𝐽𝑝 (𝜆𝑘𝑛

𝑟𝑓

𝑓
)

+ 𝐷𝑘𝑛𝑙6𝐽−𝑝 (𝜆𝑘𝑛

𝑟𝑓

𝑓
))

× 𝑄𝑘𝑛(𝑡)

+ 𝐷𝑘𝑛7𝑟𝑘+2𝐷𝑘𝑛8𝑟𝑘+3

+ ∑ 𝑁𝑛𝑗𝐵𝑛𝑗𝑟𝜂𝑛𝑗

6

𝑗=1

 

(51-2) 

𝜑𝑘𝑛(𝑟, 𝑡)

= 𝑟
𝑘+1

2 ∑(𝐷𝑘𝑛𝑙9

∞

𝑙=0

𝐽𝑝 (𝜆𝑘𝑛

𝑟𝑓

𝑓
)

+ 𝐷𝑘𝑛𝑙10𝐽−𝑝 (𝜆𝑘𝑛

𝑟𝑓

𝑓
)) × 𝑄𝑘𝑛(𝑡)

+ 𝐷𝑘𝑛11𝑟𝑘+2𝐷𝑘𝑛12𝑟𝑘+3

+ ∑ 𝑀𝑛𝑗𝐵𝑛𝑗𝑟𝜂𝑛𝑗

6

𝑗=1

 

(51-3) 

For n = 0, the system of Navier equations would 

lead to the following single differential equation: 

𝑢̈0(𝑟) + (𝑘 + 1)
1

𝑟
𝑢̇0(𝑟) +

1

𝑟2
(

𝐶12(𝑘+1)−𝐶22−𝑛2𝐶44

𝐶11
) 𝑢0(𝑟) =

(52) 
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((
(𝑘1+𝑘4−1)𝐶11−2𝐶12

𝐶11
𝑟𝑘−1𝛼01 +

2(𝑘2+𝑘4+1)𝐶12+𝐶22

𝐶11
𝑟𝑘−1𝛼02) × 𝑇(𝑟, 𝜃) +

𝐶11𝑟𝑘𝛼01+2𝐶12𝑟𝑘𝛼02

𝐶11

𝑑𝑇

𝑑𝑟
)𝑟𝑘                  

𝑢̈0(𝑟) + (𝑘 +
𝑒2̅1

𝑒1̅1
)

1

𝑟
𝑢̇0(𝑟) −

1

𝑟2

2𝑘𝑒2̅1−𝑛2𝑒2̅4

2𝑒1̅1
𝑢0(𝑟) −

𝜒̅22

𝑒1̅1
𝜑̈0(𝑟) −

𝜒̅22

𝑒1̅1
×

1

𝑟
(𝑘 + 2)𝜑̇0(𝑟) +

𝑛2

𝑟2

𝜒̅11

𝑒1̅1
𝜑0(𝑟) =

−𝑟𝑘−1(((2k+1) 
𝑔22

𝑒1̅1
)𝑇 +

𝑔22

𝑒1̅1
𝑇,𝑟 +

𝑔21

𝑒1̅1
𝑇,𝜃)                    

(53) 

The upper differential equations are Euler dif-

ferential equations, where it could be assumed 

that the solution of the homogeneous part is as 

follows: 

𝑢0
𝑔(𝑟) = 𝐷0𝑟𝜂0  , 𝜑0

𝑔(𝑟) = 𝐹0𝑟𝜂0                     (54) 

Where𝐵0, 𝐷0 and 𝜇0 are obtained using boundary 

conditions. Substituting the upper equation in 

homogeneous part of Eqs (52) and (53) would 

give the following result: 

(𝜂0
2 + (𝑘 + 1)𝜂0

+ ((
𝐶12(𝑘 + 1) − 𝐶22 − 𝑛2𝐶44

𝐶̅11

)) 𝐷0 = 
(55-1) 

(𝜂0(𝜂0 − 1)(𝑘 +
𝑒̅21

𝑒̅11

)𝜂0

+ (
2𝑘𝑒̅21 − 𝑛2𝑒̅24

2𝑒̅11

))𝐷0

− (
𝜒̅22

𝑒̅11

𝜂0(𝜂0 − 1)

+ (
(𝑘 + 2)𝜒̅22

𝑒̅11

)𝜂0

− 𝑛2
𝜒̅11

𝑒̅11

)𝐹0 = 0 

(55-2) 

In order to obtain the non-trivial solution of the 

above equation, the determinant of coefficients of 

constants B, C and D must vanish, which leads to 

the evaluation of the eigenvector η, as presented 

in the following equation: 

(𝜂0
2 + (𝑘 + 1)𝜂0 +

(
𝐶12(𝑘+1)−𝐶22−𝑛2𝐶44

𝐶1̅1
)) × ((

𝜒̅22

𝑒1̅1
𝜂0(𝜂0 −

1) + (
(𝑘+2)𝜒̅22

𝑒1̅1
)𝜂0 − 𝑛2 𝜒̅11

𝑒1̅1
)) = 0                    

(56) 

Thus, the general solution, utilizing the linearity 

lemma, is a linear combination of all values of ei-

genvalues, which is obtained from: 

𝑢0
𝑔(𝑟) = ∑ (𝐷0𝑗𝑟𝜂0𝑗4

𝑗=1 , 𝜑0
𝑔(𝑟) =

∑ 𝑀0𝑗𝐷0𝑗𝑟𝜂0𝑗4
𝑗=1                      

(57) 

The particular solution of Eqs. (52) and (53) is 

assumed as: 

𝑢𝑘0(𝑟, 𝑡) = 𝑟
𝑘+1

2 ∑(𝐷𝑘0𝑙1

∞

𝑙=0

𝐽𝑝 (𝜆𝑘0

𝑟𝑓

𝑓
)

+ 𝐷𝑘0𝑙2𝐽−𝑝 (𝜆𝑘0

𝑟𝑓

𝑓
))

× 𝑄𝑘0(𝑡)

+ 𝐷𝑘03𝑟𝑘+2𝐷𝑘04𝑟𝑘+3 

(58-1) 

𝜑𝑘0(𝑟, 𝑡) = 𝑟
𝑘+1

2 ∑(𝐷𝑘0𝑙9

∞

𝑙=0

𝐽𝑝 (𝜆𝑘0

𝑟𝑓

𝑓
)

+ 𝐷𝑘0𝑙10𝐽−𝑝 (𝜆𝑘0

𝑟𝑓

𝑓
))

× 𝑄𝑘0(𝑡)

+ 𝐷𝑘011𝑟𝑘+2𝐷𝑘012𝑟𝑘+3 

(58-2) 

By substituting the upper equations in (52) and 

(53), four 2-equations and 2-unknown systems 

would be found as follow, where by solving it, D 

will be derived: 

{
𝐷𝑘01𝑥𝑛1 + 𝐷𝑘09𝑥𝑛2 = 𝑥𝑛3

𝐷𝑘01𝑥𝑛11 + 𝐷𝑘09𝑥𝑛12 = 𝑥𝑛13
 (59-1) 

{
𝐷𝑘02𝑥𝑛4 + 𝐷𝑘010𝑥𝑛5 = 𝑥𝑛6

𝐷𝑘02𝑥𝑛14 + 𝐷𝑘010𝑥𝑛15 = 𝑥𝑛16
 (59-2) 

{
𝐷𝑘03𝑥𝑛7 + 𝐷𝑘011𝑥𝑛8 = 0

𝐷𝑘03𝑥𝑛17 + 𝐷𝑘011𝑥𝑛18 = 0
 (59-3) 

{
𝐷𝑘04𝑥𝑛9 + 𝐷𝑘012𝑥𝑛10 = 0
𝐷𝑘04𝑥𝑛19 + 𝐷𝑘012𝑥𝑛20 = 0

 (59-4) 

In the Eq. (59), regarding the 2-equations and 2-
unknown systems, since coefficient determinant 
matrix does not vanish, possible solution of these 
systems is the evident solution, and the solutions 
of first two-systems will yield other coefficients. 
Thus, the complete solution, using the Eqs. (52), 
(53) and (58) is: 

𝑢(𝑟, 𝜃) = 𝑟
𝑘+1

2 ∑ (𝐷𝑘0𝑙1
∞
𝑙=0 𝐽𝑝 (𝜆𝑘0

𝑟𝑓

𝑓
) +

𝐷𝑘0𝑙2𝐽−𝑝 (𝜆𝑘0
𝑟𝑓

𝑓
)) × 𝑄𝑘0(𝑡) +

𝐷𝑘03𝑟𝑘+2𝐷𝑘0𝑙4𝑟𝑘+3 +

∑ 𝐵𝑛𝑗𝑟𝜂0𝑗 +6
𝑗=1 ∑ (𝑟

𝑘+1

2∞
𝑛=−∞ ∑ (𝐷𝑘𝑛𝑙1𝐽𝑝 (𝜆𝑘𝑛

𝑟𝑓

𝑓
) +∞

𝑙=0

𝐷𝑘𝑛𝑙2𝐽−𝑝 (𝜆𝑘𝑛
𝑟𝑓

𝑓
)) × 𝑄𝑘𝑛(𝑡) + 𝐷𝑘𝑛3𝑟𝑘+2 +

(60-1) 
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𝐷𝑘𝑛4𝑟𝑘+3 + ∑ 𝐵𝑛𝑗𝑟𝜂𝑛𝑗6
𝑗=1 )𝑒𝑖𝑛𝜃                           

𝑣(𝑟, 𝜃) = ∑ (𝑟
𝑘+1

2

∞

𝑛=−∞

∑(𝐷𝑘𝑛𝑙5𝐽𝑝 (𝜆𝑘𝑛

𝑟𝑓

𝑓
)

∞

𝑙=0

+ 𝐷𝑘𝑛𝑙6
𝑝

𝐽−𝑝 (𝜆𝑘𝑛

𝑟𝑓

𝑓
))

× 𝑄𝑘𝑛(𝑡) + 𝐷𝑘𝑛𝑙7𝑟𝑘+2

+ 𝐷𝑘𝑛𝑙8𝑟𝑘+3

+ ∑ 𝑁𝑛𝑗𝐵𝑛𝑗𝑟𝜂𝑛𝑗

6

𝑗=1

)𝑒𝑖𝑛𝜃 

(60-2) 

𝜑(𝑟, 𝜃)

= 𝑟
𝑘+1

2 ∑(𝐷𝑘0𝑙9

∞

𝑙=0

𝐽𝑝 (𝜆𝑘0

𝑟𝑓

𝑓
)

+ 𝐷𝑘0𝑙10𝐽−𝑝 (𝜆𝑘0

𝑟𝑓

𝑓
)) × 𝑄𝑘0(𝑡)

+ 𝐷𝑘011𝑟𝑘+2𝐷𝑘0𝑙12𝑟𝑘+3

+ ∑ 𝑀0𝑗𝐵0𝑗𝑟𝜂0𝑗

6

𝑗=1

+ ∑ (𝑟
𝑘+1

2

∞

𝑛=−∞

∑(𝐷𝑘𝑛𝑙9𝐽𝑝 (𝜆𝑘𝑛

𝑟𝑓

𝑓
)

∞

𝑙=0

+ 𝐷𝑘𝑛𝑙10𝐽−𝑝 (𝜆𝑘𝑛

𝑟𝑓

𝑓
)) × 𝑄𝑘𝑛(𝑡)

+ 𝐷𝑘𝑛11𝑟𝑘+2 + 𝐷𝑘𝑛12𝑟𝑘+3

+ ∑ 𝑀𝑛𝑗𝐵𝑛𝑗𝑟𝜂𝑛𝑗

6

𝑗=1

) × 𝑒𝑖𝑛𝜃 

(60-3) 

The integration of the strain-displacement rela-

tionship given in Eq. (1) strains, and the results of 

Eq. (2), will yield the electrical field, radial, shear 

and hoop stresses, and the electrical displace-

ments.  

3. Results and Discussions 

This section discusses the results of the analysis 

of FGPM transient state thermal of cylinders and 

compares the results with the stated references. In 

this part, the results obtained from this research 

are compared with the results of quoted refer-

ences of [24] and [2]. The property of FGM and 

piezo are represented in Table 1. Inner radius is 

a=70 cm and outer radius is b=100 cm. Inner 

thermal source would be  

𝑅(𝑟. 𝜃. 𝑡) = 6 × 106 ×
1

𝑟
sin(𝑡) cos(2𝜃). 

Fig. 2 represents the thermal distribution relat-

ed to radius and Fig. 3 shows the radial displace-

ment in proportion to radius at θ = π/3; then, the 

obtained results were compared with the findings 

of [24] and [2] references. The boundary condi-

tions are shown in Table 2. 

The obtained results show good compatibility 

with the results of corresponding references in 

[24] and [2]. Maximum of difference between pre-

sent work and the references [2] and [24] are 

shown in Table 3: 

Table 1. The property of materials used in the analysis of tran-

sient state thermal of cylinders 

FGM piezoelectric property 

𝐶11 = 13.9 × 1010 
𝐶12 = 7.8 × 1010 
𝐶13 = 7.43 × 1010 
𝐶33 = 11.5 × 1010 
𝐶44 = 2.56 × 1010 
𝛼01 = 2.458 × 10−6 
𝛼02 = 4.396 × 10−6 
Metal: 
𝑘0 = 18.1. 𝜌0 = 4410 
𝑐0 = 808.3 
Ceramic: 
𝑘0 = 2.036.  
𝜌0 = 5600 
𝑐0 = 615.6 

𝑒11 = −5.2 
𝑒21 = −5.2 
𝑒22 = 15.1 
𝑒25 = 12.7 

𝑔21

= −2.94 × 10−6 
𝑔22

= −2.94 × 10−6 
𝜒11

= 64.64 × 10−10 
𝜒22

= 56.22 × 10−10 

 
Refs  
[24] , [2] 

Table 2.  The boundary conditions used in the analysis of transient 
state thermal of cylinders 

 
electrical  

boundary  
conditions 

mechanical  

 
Thermal  

𝜙(𝑎. 𝜃) = 0 
𝜙(𝑏. 𝜃)
= 30 cos(2𝜃) 
𝐷𝑟𝑟(𝑎. 𝜃) = 0 

𝑢(𝑎. 𝜃) = 0 
𝑣(𝑎. 𝜃) = 0 

𝜎𝑟𝑟(𝑏. 𝜃) = 0 
𝜎𝑟𝜃 (𝑏. 𝜃) = 0 

𝑔1(𝜃. 𝑡) = 
20 sin(𝑡) cos(2𝜃) ℃ 

𝑔2(𝜃. 𝑡) = 0 

Table 3. The comparison of temperature and radial displace-

ment distributions along radius at θ = π/3 

Parameter Present 
work 

Reference Percentage 
of error 

Temperature 50 46 [24] 8 
Radial dis-
placement 

1.88 1.85 [2] 1 
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Fig. 2. The comparison of temperature distribution along radi-

us at θ = π/3. 

 
Fig. 3. The comparison of distribution of radial displacement 

along radius at θ = π/3. 

 
Fig. 4. Oscillation of the temperature with respect to the time 

at various radii 

The following section, investigates the results of 

parametric and survey studies for the cylinders. 

Fig. 5 shows the radial displacement along radius 

at =
𝜋

3
 , for different values of 𝑚 (indices in power-

law). As the Fig. clearly shows, the increase of the 

radius would result in the reduction of radial dis-

placement. Figs. 4, 6 and 7-10 show the oscillation 

of the temperature, radial displacement, hoop dis-

placement, electrical potential, radial stress and 

shear stress with respect to the component of time 

at variation radii, respectively. 

By increasing the radius, temperature increases 

and the domain of vibration gets larger. The value 

of radial displacement increases and the domain 

of vibration gets larger; also, the value of hoop 

displacement and electrical potential increase and 

the domain of vibration gets smaller. The value of 

radial stress and shear stress decrease and the 

domain of vibration gets smaller. Note that in the 

presented diagrams, the variations of parameters 

are dependent on the variation of 𝑚; i.e , when 𝑚 

increases temperature, radial displacement, elec-

trical potential (except in outer surface where 

electrical potential equals the value of boundary 

conditions, zero), radial stress, and hoop stress 

decrease. According to the formerly stated points, 

when 𝑚 gets larger, the resistance of FGM cylinder 

against thermal conduction increases. Also, the 

increase of 𝑚 leads to the decrease of stress in 

source; thus, m is of paramount importance in the 

selection of the type of the material. Variation of  

𝑚 is effective on the variation of confidence coeffi-

cient. 

 
Fig. 5. The distribution of radial displacement along radius at θ 

= π/3. 
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Fig. 6. Oscillation of the radial displacement with respect to the 
time at various radii. 

 

Fig. 7. Oscillation of the hoop displacement with respect to the 

time at various radii. 

 

Fig. 8. Oscillation of the electrical potential with respect to the 
time at various radii. 

 

Fig. 9. Oscillation of the radial stress with respect to the time at 

various radii. 

 

Fig. 10. Oscillation of the shear stress with respect to the time 
at various radii. 

4. Conclusion 

The results of the present study can be sum-
marized as follow: 

 By increasing the radius, the value of radial 
displacement and temperature increase and the 
domain of vibration gets larger. In addition, the 
value of hoop displacement and electrical poten-
tial increase and the value of radial and shear 
stresses decrease, and the domain of vibration 
gets smaller.  

 Variable parameters of diagrams are depend-
ent on the variations of 𝑚; when 𝑚 increases, 
temperature, radial displacement, electrical poten-
tial (except in outer surface where electrical po-
tential equals the value of boundary conditions, 
zero), radial and hoop stresses decrease. 

 Increase of 𝑚 leads to the reduction of stress 
in source; thus, m is of paramount importance in 
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the selection of the type of material. Variation of  
𝑚 is effective on the variation of confidence coeffi-
cient. 

 Temperature, radial and hoop displacements, 
electrical potential, radial and shear stresses oscil-
late with respect to the component of time at vari-
ous radii, respectively. 
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