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The present study aims to investigate the analysis of stress, strain, displacement, and electrical
potential of a thick hollow cylinder made of FGPM under mechanical and thermal loads. Distribu-
tion of mechanical property of material is considered along the shell stick through the power
distribution function. Thermal loads have been taken to signify the difference of temperature
between outer and inner surfaces for each type of mechanical property. After extracting and solv-

ing the differential equations in transient state and the observation of mechanical and thermal
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1. Introduction

The cylinders are widely used under applied
loads and in recent years, they have experienced
the emergence of governing equations on
cylinders and methods sought to solve such
equations. Jabbari et al. [1] investigated the effect
of transient state thermal stress on a FGPM
cylinder. They used direct method to solve the
problem and compared the results with the results
of the power function method.

The presented method is very extensible even to
solve the mixed boundary condition problems.
They studied the distribution of stress in cylinder
for different boundary conditions. Jabbari et al. [2]
in another research investigated the effect of
mechanical and transient state thermal stresses in
FGM cylinder analytically through the Bessel
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functions. The analysis shows that as the power
law indices increase, the mechanical stresses
increased as well until they reach a constant value,
where the mechanical stresses remain constant
from the metal surface to the ceramic surface of
the cylinder; this value of mechanical effective
stress yields the optimum pressure vessel.
Soufiye’s study [3] scrutinized FGM cone
cylindrical shell under widespread pressed loads
and press of hydrostatic, where some formulas
were obtained. Ging-Hua Zhang et al. [4] surveyed
the thermo-dynamical behavior and the effects of
type and load on one FGM, applying Van Karmen
Theory (VKT) through numerical solution method
under the change of the surface shape. Hui-Shen et
al. [5] investigated the post-buckling FGM hybrid
shells under pressed loads in thermal hoops; then,
they analyzed the post-buckling for an FGM
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piezoelectric cylindrical shell under hydrostatic
pressure and electrical load in thermal hoops.
Shao [6] presented three-dimensional solution to
obtain the stress fields in an FGM cylindrical plate
with a finite length; mechanical and thermal loads
were tested on the plate and the results were
presented in graphs.

Piezoelectric materials show coupled effects
between elastic and electric fields; these materials
have been widely used as the actuators or sensors
in smart composite material systems. Many
analytical studies concerning piezo-elastic or
piezo-thermo-elastic =~ problems have been
reported and the results have been published in
book forms [7]. Recently, a new type of
piezoelectric material named functionally graded
piezoelectric materials (FGPM), with material
constants varying continuously in terms of
thickness direction has been developed [8-10].
Electromagneto-thermoelastic treatment for a
FGPM hollow cylinder has been measured [11].
Obata et al. [12] presented the solution for
thermal stresses of a hollow thick cylinder made
of FGM under 2D transient temperature
distribution. Shariyat et al. [13] presented the
nonlinear transient thermal stress and elastic
wave propagation analyses of thick temperature-
dependent FGM cylinders, through a second-order
point-collocation method. Lii Chen et al. [14]
investigated the elastic mechanical behavior of
Nano-scaled FGM films incorporating surface
energies. Afsar et al. [15] studied the inverse
problems of material distributions for prescribed
apparent fracture toughness in FGM coatings
around a circular hole in infinite elastic media.
Farid et al. [16] investigated the 3D temperature
dependent free vibration analysis of FGM curved
panels resting on two-parameter elastic
foundation using a hybrid semi-analytic,
differential quadrature method. Bagri and Eslami
[17] showed the general coupled thermo-elasticity
of FGM annular disk, considering the Lord-
Shulman Theory. Samsam et al. [18] studied the
buckling of thick FG plates under mechanical and
thermal loads. Jabbari et al. [19] studied an
axisymmetric mechanical and thermal stresses in
thick, short length FGM cylinder. They applied
separation of variables and Complex Fourier
series to solve the heat conduction and Navier
equation. Thieme et al. [20] presented the
Titanium powder sintering for the preparation of
a porous FGM destined as a skeletal replacement
implant. Jabbari et al. [21] used the generalized
Bessel function to investigate the axisymmetric
mechanical and thermal stresses in thick short

length FGM cylinders. Asghari and Ghafoori [22]
investigated the 3D elasticity solution for
functionally graded rotating disks. Khoshgoftar et
al. [23] presented the thermo-elastic analysis of a
thick walled FGPM cylinder.

Jabbari et al. [24] investigated the transient
solution of asymmetric mechanical and thermal
stresses for hollow cylinders made of functionally
graded material. They analytically obtained the
temperature distribution, as function of radial and
circumferential directions and time, using the the
method of separation of variables and generalized
Bessel function, and a direct method were used to
solve the Navier equations, using the Euler
equation and complex Fourier series. The
difference between reference [24] and the present
work is in cylindermaterial, which at present work
is used piezo-electric material in FGM cylinder.

In another research [25], an analytical method
of a thermoelastic problem for a medium with FG
material properties was developed in a theoretical
manner for the elliptic-cylindrical coordinate
system subjected to the presumption that the
material properties except for Poisson's ratio and
density are assumed to vary arbitrarily with the
exponential law in the radial direction. The Stress
Functions Extraction in a hollow cylinder under
heating and cooling was investigated by Lamba et
al. [26].

Thermal elastic stress distribution occurred on
FGM long hollow cylinders was analytically
defined under thermal, mechanical and thermo-
mechanical loads. In the closed form, solutions for
elastic stresses and displacements are obtained
analytically using the infinitesimal deformation
theory of elasticity [27].

Khobragade et al. [28-36] investigated the

temperature distribution, displacement function,
and stresses of a thin as well as thick hollow
cylinder and also have established the
displacement function, temperature distribution
and stresses of a semi-infinite cylinder. In
addition, Cursun et al. [37], has performed an
elastic stress analysis of annular FGMs discs under
both uniform pressures on the inner surface and a
linearly decreasing temperature distribution.
The study of temperature distribution and thermal
stresses of a FG thick hollow cylinder with
temperature-dependent material properties by
Manthena and Kedar [38] was investigated. All the
material properties except Poisson’s ratio are
assumed to be dependent on temperature and
spatial coordinate z. The two-dimensional
transient heat conduction equation was solved
under convective heat transfer condition with
varying point heat source.
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The application of this structure is mostly in
military structures, aerospace, and also the
medical engineering. The main difference between
this article and other similar studies is in the
solution method and how to achieve the answer.
In addition, in similar previous studies, more than
FGM was used while FPGM was used in this work.

2. Equilibrium Equations

The main objective of the present study is
surveying a hollow thick FGPM cylinder with inner
and outer radii, a and b, which are shown in Fig. 1.
The condition is in transient state; therefore, the
component of time is observed in temperature
equations.

This picture is the designed FGM Cylinder model
in ABAQUS and aims to show a general schema.
Strain-displacement equations are as follow:

(1)

1(1 + v)
T2 ru"9 Ur r

where u and v are the displacement components
along r and @ directions, respectively. The stress-
strain equations could be expressed as follow [24]:

Orr = C118 + C12800 + €21 E; (2-1)
—z,.T(r,0)

Ogp = Cp2899 + C12&r + €32F; (2-2)
—zoT(r,0)

Org = 2C448r0 — €24 (2-3)

The material used for this sample is orthotropic.

Fig. 1. Schematic view of a FGPM cylinder
where:
z, = (10, + 201509 29 = Cppap + 200, (3)

In the above relationship, coefficients Ci, ey, &i, g

(i=1,2), are the constants of elastic, piezoelectric,

dielectric and temperature coefficient.
Furthermore, Cj, eij (i, j = 1, 2, 4) are elastic, pi-

83

ezoelectric constants. Also, Zr, Ze; the material pa-
rameters, (Er, Ee); the electric potential, T(r,8);
temperature distribution and ar, oe are thermal
expansion coefficients, respectively. And govern-
ing equations on potential electrical field are [24]:

Dy = e31899 + €216 — X11Er

4-1
+ 92,T(r,0) (1)
Dgg = 2€348r9 — X22E9 + g1 T(1,60) (4-2)
0 10¢
E. =— = —_-— 4-
Toor’ " roo (4-3)

Here, G, eij and i are elastic, piezoelectric, and
dielectric constants, g (i=1, 2) signify the thermal
coefficients. In addition, electro-static and equilib-
rium equations are as follow:

1 1
Orrr + ;O—TG,G + ;(O—rr - 099) =0 (5'1)
2
Oror T 20000 + 7 0rg = 0 (5-2)
0 1 10
5(Drr) + =Dy + ;%(Dee) =0 (5-3)

Using weight-power equations, the modelling of
nonhomogeneous property can be defined as fol-
low [24]:

e;j = €,T™, goi = Goi" ™ 29 = Zy o7 ™
— v m — m — m (6)
Xii = Xl &y = Qo 7, Qg = Qo2
where &, 32, Zr 9, Xii» @01, %o, are the material
parameters and m is the power-low indices of the
material. The equilibrium equations are obtained
as follow in terms of the displacement compo-

nents:

1 1 (C12(m+1)—-Cpp
Upr +(m+ 1D -u, +3 (—033 )u +

1 Cyq 1(Ciz | Caq
Ugo + (C_u + c_u) (We)r +

12 Cq14 r

1 (mC12—Cz2—Cys m _

4 (meaemeates) (y pypm =
11

(7

(m1+my—1)C11-2C12 -
(C ey, +
C11
(2my+my+1)C12+Cop Tm_l

ay,)T(r,0) +
C11
C117Mag1+2C12M g, d_T)rm
C11 dr
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1 1
(CagVpr + (M + 1)644;171 + 7z Cy2V 60
1 1
= (m+1)Cyyv + - (Cyq
+ Cip)Uyg
1
+ (r_z ((m+1)Cyy (8)
+ Clz)u,e)rm ((2C;,r™ag,

1
+ Cor™agy) - T r™

e,1\1 1 ey,
U + (m + _—)— ——u
T R r | 22 06
rZe;,
1 (26_21 + 6_24)
—|\— v
T 2e, 76
-=—v
r¥e; ?
MN11 N11) 1
- (—_ Drr + (—_)_(p,r
€11 €11/ T (9)

1 7722) ) -
+r2 (e_n Po0 )T
e
=—rm (((Zm +1) #) T
_ ~ €11
€22 €21
—T,.+—T
* e * €11 o)

where:
s=22 % (10)
922 Zy

In the next section, first temperature distribu-
tion is obtained in transient state for cylinder, the
application of which will solve the differential
equations.

2.1. Temperature Distribution

It is assumed that in hollow cylinder, T, and
T, represent the temperatures in internal and ex-
ternal radii, respectively. Therefore, heat conduc-
tion equation for cylindrical coordinates will be as
follows:

10 (k 26T)+ 10 (kaT)
r2or r 2

where, R is the inner thermal source, k is the coef-
ficient of thermal conduction, p is density and c is
the specific heat capacity, the components de-
pending on the property of cylindrical source are
as follow:

k() =kor™,p = por™,c =cor™ , kg
_k(a) (12)
=—

where ko, Py, C,the material parameters and

m are is the power-low indices of the material.
Substituting Eq. (12) into Eq. (11), heat conduc-
tion equation in FGM cylinder can yield the follow-
ing equation:

1 1 R
7:,«,« +;(m + 1)7:r +7”_2T‘99 +I€07
Poo .,
=—1r™mT
ko it

(13)

Initial and boundary conditions are shown as:

T(r,0,0) = g5(r,0),x,,T(b,6,t)
+ x1,T,.(b,6,t)
=91(0,t) ,x,,T(a,6,t) (14)
+ x,,T,(a, 6,t)
=g,(6,1)

The solution of heat conduction equation (11) is
assumed to be:

T(r,0,t) =w(r,0,t)+Y(r,0,t) (15)

w(r, 6, t) is defined in such a way that the bounda-
ry conditions for Y(r, 0,t) are zero Such that the
definition of w(r, ,t) guarantees the vanishing of
boundary conditions for Y(r, 8, t):

W(r,0,t) = A6,6)r*> + B(0, t)r (16)

A and B are the unknown functions obtained from
Egs. [37] and [38]. Therefore:

k 1
Y, — —0<Y,rr + ;(m + 1Y,

PoCo
1 (17)
T2 Y.ee) =R,

R k
R]_ = E —A,tr —B,tr + p_c (4A + A‘QQ
1 (18)

+ ; (B+ B‘gg)
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x1,Y(Db,6,t) + x1,Y,.(b,0,t) =0,
%,,Y(a,0,t)
+ X22 Y,r (a' 9: t) (19)
=0,Y(r,6,0)
= g5(r,0) —w(r,6,0)

To solve the Eq. (17), using the method of sepa-
ration of variables, onecan write:

Y0,00= ) ) Fu@Gu®e™  (20)

n=—oo k=—oo

In addition, i is a complex number. where:

Fien )

E rf rf
=r 2 (aljp (Akn 7) + azj_p (Akn 7))
_k+1 rf rf
=r 2 Cp (lkn 7) Cp (Akn 7) (21)

rf rf
= al]p (lkn 7) + a2]—p (Akn 7) f
_ k+2

2
Jpand J_, are the Bessel function of the first
kind:

kn’”f 2l+p
Ip| 2 - ‘i(_l)k(%ﬂ (22-1)
P\ f) & T+ p+ D)
r 2l-p
Jp| 2 d ‘i(_l)k(%%) (22-2)
P\ g _z=o UT(l+p+1)

On the other hand, substituting equation (20) in
relation (17), equation (23) can be obtained:

m Gkn (t)
kO Gkn
Fin(®) +%Fkn(t) _:_zszn 5 (23)
B Fkn B _lkn

. (Dot) is time derivative, " is displacement de-
rivative. By using (20):

Y(r,0,t)

= z Zr‘%alcp (}{knr}_f> Gen (£)e® (24)

n=-oo k=1

x1,Y(b,0,t) + x1,Y,(b,0,t) =0,
x3:Y(a,0,t) (25)
+x,,Y,(a,6,t) =0

Substituting (20) in previous relations (15,
17&19) gives the following system of differential
equations:

k+1 bf

a; (xllr_T]p (Akn 7)

k+1 _k+3 bf
_Txlzr 2 ]p(lkn T)

ket b’
+x12r 2 ]p(lkn

7 (26-1)

bf

+a; (x11]—p (Akn T)
b

+ x12)p (Akn T)

k1, b/
T X7 2 ]—p(’lknTD =0

_k+1 bf

a; (xq47 2 ]p(lkn 7)
k+1 _kt3 ket a’
2 X127 2 ]pal(xllr 2 ]p(/lknT)

k+1 _kt3 a’
- Txur 2 Jp(Akn 7) (26-2)
a’ a’

7)) + a; (1) —p (Akn—7)

f
af _kt1, a’
+ le]—p(Akn T) + X7 2 ]—p(/lkn 7))
=0

By putting the obtained determinant of coeffi-
cients in this differential equation, equal to zero
the positive roots 4;,will emerge as follow:

_k+1,
+ X7 2 ]p(lkn

ki1 b’

X117 2 ]p(lknT)
k+1 _k+3 b’

2 X127 2 ]p(lkn 7)

_ket1, bf af
+ X7 ij(lkn_)) xll]—p(ﬂ-kn_)

f f
a’ ki1, a’
+ x12]—p(lkn 7) + X7 2 ]—p(/lkn 7))
k+1 af (27)
- (xllr_T]p(Akn 7)
k+1 _k+3 2 a’
— 5 Xt 2 p( knT)
k1, a’ bf
t X7 2 ]p(;tkn ?)) <x11]—p(/1kn T)
bf k1, bf
+ x12]—p(/1kn ?) Tt X7 2 ]—p(/lkn 7))

=0
Substituting Eq (24) into Eq (17) gives:
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e ket fo.
IR CICROICNG
n=—co k=1 (28)

k )
+ p_((): Ain Gin (t)) em?
0~0

where the following relation is extracted:

. k
a2
Gkn (t) + pc Akn Gkn (t)
2n+1

B 2n|cp(,1,m?|2 a,

(29)

2w b gy .
x f f 2 Ry(r,0,0)Cy(Anr) €m0 drdo
0 a

The previous equation is an ordinary differential
equation which will be solved through the applica-
tion of:

2

rf
Cp(lknT
b rf
= f [Cp(l,mT]Zrdr, Ri(t) (30)
a
2w b gy rf .
_ ] J 1 Ry r,0, 006, (i ) €7 drde
0 a

The solution of the differential equation (31) is
as follows:

Gkn(t) = e_fndt(bln +
[— 2 Ri(t)e~Imatdy) (31

o
2|cpien’s| ar

where:

ko
therefore:
Y(r,0,t)
= ) D) P G ey,

n=—ook=21n+ 1 (33)
+f—f —R; (t)e~ It dt)en?
T
2|Cp(/1kn7 a;

Using the initial condition, indeed, equation (17)
gives:

Y(r,0,0) =g5(0,r) —w(r,0,0) (34)

So, the equilibrium equation is extracted as fol-
lows:

(r,6,t)
= ) ) @G e Iy,

n=-oo k=1

2Zn+1 .
+ f Y Ri@e-Imtdpens (35
rf
2 |Cp(lkn7 a,
+ A(t,0)r? + B(t,0)r

where:

bin
2n+1

- rf1?
2 |Cp (Akn 7

2m b gy
xj J rz (gs(r,6)
o Ja ’ (36)
rf
—w(r,6,0))Cp(Agn 7) e M9 drde

— G(0)

A and B as unknown functions are obtained by
solving the following 2-equations and 2-unknown
system:

xllT(b, 6, t) + xlzrr(b, 0, t) = gl(e, t) )
x,,T(a,0,t)
+ x,,T,(a, 6,t)
=9,(6,0)

A(O,t)(x1,b? + 2x,,b) + B(8,t)(x,1b
+x12) = 91(6,0),
A(0,t)(xp1a% + 2x,,a)  (38)
+ B(0,t)(x1a + x55)
=9,(6,0)

(37)

2.2. Equilibrium Equations Solution

Equations (7), (8), and (9) could be solved using
the power series as follow [24]:
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u(r, 8)

= z u, (r)e™®, v(r, )

n=-—oo
(o0}

= D 5", 00,0)

n=-—oo

= i @ (r)e™?

n=-—oo

(39)

By substituting (36) and (31) into (7), (8) and
(9):

i (1) + (k4 1) i,(1)
+ rlz <C12 (k+1)—=Cy,,—n C44>un(r)

Cl 1

1( (Ci1+C .
+ - (m (%)) 0, (1)

iTL kClZ - CZZ - C66
+r_2< Cis )v”(r)
_ (((k1 +ky _Cl)cn —2Cy, kg
11
2(ky +k, +1)C +C
n (k, 4 )Ci, 22 Tk_1d02>
Cll

(40)

x T(r,0)
N Ciir¥ay, + 2C1,m%ay, dT
Ci1 dr)

) + (b + 1), () = 5 (K + 1)

rk

LG
C4-4-

)n()__(l

g i (1)
44 41)
- (k41 (

+ g—) )
= (2Cr*ag;
k ar.
+ Coor “02);%)7”
it (r) + (K +22) 2, ()

1 2kéy—n?éyy
——u,(r) +
r2 2611 ”( )

in 2é21+e'24). _iﬁéz_‘; _
. (— (1) = 5220, (1)

22 () =52 x - (k + Do (1) +
L gon(r) = —rm-l(((2k+1) T+

(42)

J22 J21
_—T +=T
e T €11 ’9)

Solution of homogeneous part of three upper
equations is as follow:

uy(r) = Dr™,vi(r) = Er™ el (r) =

Fr™ (43)

where D, E and F are constants obtained using
boundary conditions and g means the general so-
lution, through substituting (43) into (42), (41)
and (40):

[ntr = 1)+ e+ D +

C1z(k+1)—sz—Tl2C44] D+i [(C12+C44

C11

kC12—C22—Csq
C11

In+ (e

C11

|nE =0

[ntn =1+ = Dn - (k+ 1) +
monlp g [(—C“C+C““)n +(k+1+ (45)

Caq 44

C12]
—=)|nD
C44)

[n(n—1)+(k+ Z:Z—l)n+

11

(2k621 n 624)] D +in [(26_221:524)7] _

11

324] E— [Xzz 7](7] 1) + Xzz Tl(k + 2)

€11

2)(11] F =

€11

(46)

In order to provide the evident solution, the
above equations must be equal to zero. Therefore,
Eigen vectors u are as follow:

[n(n —D+nk+1)+

C1z(k+1);15122_"2644] X [T](TI -1+

1l = 1) = ((k + 1)+ 22)] x

(- [Enm -1+ Enk +2) -
) [(259

(C12k ;1212 644)] [(1 + EZ)T] +

(k+1+22)]nx [E26 - D +

E2yn(k +2) - "2(%)] =0

(47)

where, 11,,; is the more general case for n,Also, n as
a parameter in equation (43), only one case n is
used, Whereas, it is observed in equation (39) that
displacements are a set of special cases for n =
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—oo0 to n = oo; therefore, for determining the gen-
eral solution, 7,,; is used. Consequently, the gen-

eral solution is the linear combination of eigen
vectors as follows:

g(r) = XS, Dy r™i v, (r) =
Nn,D;i’,r""f P (r) = (48)
_ M, ;DI i

nj“nj

where, by applying (47), M, jand N, ;are obtained.
Particular solution is assumed as follows [24]:

(oo}

e r/
= (Dknll Jp (Akn 7)
=1 (49-1)
+ Dllc)nlz (lkn f )) X an (t)
rk+3

T'k+2 +Dp

14
+D knl4

knl3

14
1]kn
[oe]

k+1 » rf
=r:z (Dieyus Jp Akn?
= (49-2)

+ Dlzc,nl (lkn f )) X an (t)

k
+Dknl7r +2+Dknl8r
P
(pkn
S N rf
=Tz Z knl9]p Akn?

+ D}z:nuo (lkn f )) X an(t)

k+2
+ Dknlllr +Dkn112r

(49-3)

By substituting upper equations and their deri-
vations in (40), (41) and (42) and definition of
Bessel function of the first kind and the value of
temperature distribution, four 3-equations and 3-
unknowns systems would be resulted .The coeffi-
cients D are obtained by solving four systems as
follow:

14 p —
(Dknlxnl + Dknsan + Dkngan = Xna
14 p —
(Dknlxnls + Dknsxnlé + Dkngxn17 = Xn1s (50'1)
p p p _
(Din1%n29 + DinsXnzo + DinoXn3t = Xn32
p p p _
(Dynz%ns + DypeXne + Din19Xn7 = Xng
p p p _
(Dknzxnw *+ DneXn20 T DinioXn21 = Xn22 (50-2)

14 14 14 —
(Dknzxn33 + Dknaxn34— + Dkn1oxn35 = Xn3e

(Dkn3xn9 + Dllc)n7 Xn1o t Dlzc)nllxnll =0
(Dkn3 n23 + Dkn7 n24 + D}fnnxnzs =0 (50'3)
(D 7t Dy st Dlzc)nllxn39 =0

kn3Xn3 kn7%Xn3

(lem Xp1z + lens Xp13 + len12xn14 =0
(Dkn4 n2é6 + Dkng n27 + D}fn12xn28 =0 (50'4‘)
(D ot D?

14 _
knaXna kngXna1 T DingpXnaz = 0

In the last two 2-equations and 2-unknown sys-
tems, since coefficients determinant matrix does
not vanish, the possible solution of these systems
is the evident solution. Solutions of first 2 systems
yield other coefficients. Complete solution of dis-
placement is as follows:

k1 o rf
U (r,t) =72 Z(Dknlljp Akn?
=0

rf
+ Diniz) <Akn 7))
X Qpen (1) (51-1)

k+2 K+
+ D™ “Dynya

6
+ Z anT""f
=1
©

k+1 f
Vi (1, t) = rTZ(Dknlslp <Akn r?)

=0

rf
+ Dynie) —p <Akn _))

f
51-2
X an(t) ( )
+ Dkn7rk+2Dkn8rk+3
6
+ Z NnjanT'nnj
=1
(pkn(r t)
ﬁ rf
= (Dkn19]p Akn f
+ Drniro)—p ( )) X Qpn(t) (51-3)
+ Dkn117" ?Dien1
+ Z Mn]-Bn]-Tnnf
=1

For n = 0, the system of Navier equations would
lead to the following single differential equation:

iig () + (ke + 1) 211, () +

1 (C13(k+1)=Cp3—n%Cyhy _
= ( uy(r) =
T C11

(52)
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(((k1+k4—1)C11—2C12 ‘)"k_l
C11
2(ky+ka+1)C12+Con rk_l

ay, +

aoz) X T(r,6)+

C11
C1irRag+2C1rRag, dT
117 @01 127 Qo2 —)T‘k

C11 dr

uo(r)+(k+é2—1)lu0(r)—

1 2kép; —n? 6’24u0( )_Xﬁq)o( ) — Xzz

T2 2é11 611

= (k +2)¢o(r) + n )e(ll po(r) =
—rk=1(((2k+1) gZZ)T +g“ T, + g“Tg)

(53)

The upper differential equatlons are Euler dif-
ferential equations, where it could be assumed
that the solution of the homogeneous part is as
follows:

ud (r) = Dgr™ , @3 (r) = Fyrmo (54)

WhereB,, D, and p, are obtained using boundary
conditions. Substituting the upper equation in
homogeneous part of Eqs (52) and (53) would
give the following result:

M + (k + D

C,(k+1)—C,, —n?C -
n (12( )_ 2N 44) D, = (55-1)
Ci1
€31
(Mo(mo — DY(k + e—_)no
11
2k€_21 - 7126_24
+ 0,
X22
- (_770(770 -1 (55-2)
(k +2)x
+ (é—“)no
11
X
2 11)F0

In order to obtain the non-trivial solution of the
above equation, the determinant of coefficients of
constants B, C and D must vanish, which leads to
the evaluation of the eigenvector 7, as presented
in the following equation:

& + (k+ Dy +
(C1z(k+1) Caa=n"Catyy oo ((—no(no (56)

(k+2)
1) + (o 22)n, —n?2y) = 0

Thus, the general solution, utilizing the linearity
lemma, is a linear combination of all values of ei-
genvalues, which is obtained from:

ug )= 1(D0]rnO] Po (T)

57
Z?leOjDOjr oJ (>7)

The particular solution of Egs. (52) and (53) is
assumed as:

[oe]

k+1 f
U (1, 8) = TTZ(Dkoujp (Ako r?)

=0

f
+ Droiz) -p <Ak0 r?)) (58-1)
X Qo (t)

k+2 k+3
+ Dyo37" “Dyoar

k31O rf
Pro(r,t) =12 Z(Dkﬁl‘)]p Ao
1=0 f

f
+ Dioiro/-p <Ak0 %)) (58-2)

X Qro(t)
+ Dio117*? Digor27"*

By substituting the upper equations in (52) and
(53), four 2-equations and 2-unknown systems
would be found as follow, where by solving it, D
will be derived:

{ Dyo1Xn1 + DrooXnz = Xn3 (59-1)
Dyo1Xn11 + DrooXniz = Xn13

{ Dyo2%na + Dro10Xns = Xne (59-2)
Dyo2%n1a + Dro10Xn1s = Xn16

{ Dyo3Xn7 + Dro11Xng = 0 (59-3)
Dyo3Xn17 + Dro11%n1s = 0

{Dk04xn9 + Dyo12%n10 = 0 (59-4)
DyoaXn19 + Dio12%n20 = 0

In the Eq. (59), regarding the 2-equations and 2-
unknown systems, since coefficient determinant
matrix does not vanish, possible solution of these
systems is the evident solution, and the solutions
of first two-systems will yield other coefficients.
Thus, the complete solution, using the Egs. (52),
(53) and (58) is:

[aeR s
u(r,0) =712 Xi2o(Dronn Jp (Ako %) +

Dyoiz]—p (/11(0 %)) X Qro(t) +

k+2 k+3
Dio37"* “DyoraT +

k+1

Z} 1Bn1r oj +Zn——oo(rTZ(l>i0(Dkn11]p (Ah

Dknlz]—p (Akn T?)) X an(t) + Dkn3rk+2 +

89
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k+3 6 NMni\piné
Dienat*3 + Xf-1 Byjr™)e

= ke f
V0= ) (7 ) Dus)y (zkn %)
1=0

n=—o
p r/
+ Dy -p Akn? )
X Qpn () + D742
+ Dynigr*+?

6
NMnipind
+ Z Ny, ;B jr™i)e
j=1

(60-2)
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(oo}

k+1 f
=rz Z(Dkol‘)]p (lko r?)

=0
rf

+ Dyorro/-p (lko 7 )) X Qo (t)

k+2 k+3
+ D011 “Dror127
6
+ Z M ;By;rToi
j=1
[ee] [ee]

k+1 f
+ (rz Z (Dinio)p (lkn r?)
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n=-oo
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+ Diniro)—p (lkn 7)) X Qe (t)

k+2 k+3
+ Dyp117"* + Dipaor

(60-3)

6

i in@

+ Z MnjanT'nn]) X e
j=1

The integration of the strain-displacement rela-
tionship given in Eq. (1) strains, and the results of
Eq. (2), will yield the electrical field, radial, shear
and hoop stresses, and the electrical displace-
ments.

3. Results and Discussions

This section discusses the results of the analysis
of FGPM transient state thermal of cylinders and
compares the results with the stated references. In
this part, the results obtained from this research
are compared with the results of quoted refer-
ences of [24] and [2]. The property of FGM and
piezo are represented in Table 1. Inner radius is
a=70 cm and outer radius is b=100 cm. Inner
thermal source would be
R(r.6.t) = 6 x 10° x %sin(t) cos(26).

Fig. 2 represents the thermal distribution relat-
ed to radius and Fig. 3 shows the radial displace-
ment in proportion to radius at 6 = 1t/3; then, the
obtained results were compared with the findings
of [24] and [2] references. The boundary condi-
tions are shown in Table 2.

The obtained results show good compatibility
with the results of corresponding references in
[24] and [2]. Maximum of difference between pre-
sent work and the references [2] and [24] are
shown in Table 3:

Table 1. The property of materials used in the analysis of tran-
sient state thermal of cylinders

FGM piezoelectric property
C;; =13.9x 101 e;; = —5.2
C,, =7.8x10° ey1 =—5.2 Refs
Ci3 = 7.43 x 1010 €2 = 15.1 [24], [2]
C33=11.5x10%° eys = 12.7
Cyq = 2.56 X 1010 921
@y = 2.458 x 1076 =-294x10"¢
gy = 4.396 X 107 922
Metal: =-2.94x107°
ko = 18.1.p, = 4410 Xi1
¢y = 808.3 = 64.64 x 10710
Ceramic: X22
ko = 2.036. =56.22x 10710
po = 5600
¢, = 615.6

Table 2. The boundary conditions used in the analysis of transient
state thermal of cylinders

boundary
electrical conditions Thermal
mechanical
¢(a.0)=0 u(a.60) =0 g1(0.t) =
¢(b.6) v(a.0) =0 20 sin(t) cos(26) °C
= 30cos(26) 0rr(b.80) =0 g.,0.t)=0
D, (a.0) =0 0,9(b.0) =0

Table 3. The comparison of temperature and radial displace-
ment distributions along radius at 8 =m/3

Parameter Present Reference = Percentage

work of error
Temperature 50 46 [24] 8
Radial dis- 1.88 1.85 [2] 1
placement
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Ref[24] Presenet Study
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Fig. 2. The comparison of temperature distribution along radi-

usatf =m/3.
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Fig. 3. The comparison of distribution of radial displacement
along radius at 6 = 1/3.
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Fig. 4. Oscillation of the temperature with respect to the time
at various radii

The following section, investigates the results of
parametric and survey studies for the cylinders.
Fig. 5 shows the radial displacement along radius

at= g , for different values of m (indices in power-

law). As the Fig. clearly shows, the increase of the
radius would result in the reduction of radial dis-
placement. Figs. 4, 6 and 7-10 show the oscillation
of the temperature, radial displacement, hoop dis-
placement, electrical potential, radial stress and
shear stress with respect to the component of time
at variation radii, respectively.

By increasing the radius, temperature increases
and the domain of vibration gets larger. The value
of radial displacement increases and the domain
of vibration gets larger; also, the value of hoop
displacement and electrical potential increase and
the domain of vibration gets smaller. The value of
radial stress and shear stress decrease and the
domain of vibration gets smaller. Note that in the
presented diagrams, the variations of parameters
are dependent on the variation of m; i.e , when m
increases temperature, radial displacement, elec-
trical potential (except in outer surface where
electrical potential equals the value of boundary
conditions, zero), radial stress, and hoop stress
decrease. According to the formerly stated points,
when m gets larger, the resistance of FGM cylinder
against thermal conduction increases. Also, the
increase of m leads to the decrease of stress in
source; thus, m is of paramount importance in the
selection of the type of the material. Variation of
m is effective on the variation of confidence coeffi-
cient.

2.5

=
wn

u(m)*e-10
-

0.5

0
0.02 00205 0021 0.0215 0022 0.0225 0023 0.0235 0024

r(m)

Fig. 5. The distribution of radial displacement along radius at 8
=m/3.
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Fig. 6. Oscillation of the radial displacement with respect to the
time at various radii.

time(sec)
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Fig. 9. Oscillation of the radial stress with respect to the time at
various radii.
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Fig. 7. Oscillation of the hoop displacement with respect to the
time at various radii.

time(sec)

r=0.65 = —= = r=0.67 r=0.68

Fig. 10. Oscillation of the shear stress with respect to the time

at various radii.
30

4., Conclusion

The results of the present study can be sum-
marized as follow:

¢ By increasing the radius, the value of radial
displacement and temperature increase and the
domain of vibration gets larger. In addition, the
value of hoop displacement and electrical poten-
tial increase and the value of radial and shear
" stresses decrease, and the domain of vibration

time{sec) gets smaller.

¢ Variable parameters of diagrams are depend-
ent on the variations of m; when m increases,
temperature, radial displacement, electrical poten-
tial (except in outer surface where electrical po-
tential equals the value of boundary conditions,
zero), radial and hoop stresses decrease.

e Increase of m leads to the reduction of stress
in source; thus, m is of paramount importance in

lv)

Fig. 8. Oscillation of the electrical potential with respect to the
time at various radii.

10
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the selection of the type of material. Variation of
m is effective on the variation of confidence coeffi-
cient.

e Temperature, radial and hoop displacements,
electrical potential, radial and shear stresses oscil-
late with respect to the component of time at vari-
ous radii, respectively.
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