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In this study, nonlinear bending of functionally graded (FG) circular sector plates with simply 

supported radial edges subjected to transverse mechanical loading has been investigated. Based 

on the first-order shear deformation plate theory with von Karman strain-displacement relations, 

the nonlinear equilibrium equations of sector plates are obtained. Introducing a stress function 

and a potential function, the governing equations which are five non-linear coupled equations 

with total order of ten are reformulated into three uncoupled ones including one linear edge-zone 

equation and two nonlinear interior equations with total order of ten. The uncoupling makes it 

possible to present analytical solution for nonlinear behavior of FG sector plates with simply-

supported radial edges via perturbation technique and Fourier series method. The material 

properties are graded through the plate thickness according to a power-law distribution of the 

volume fraction of the constituents. The results are verified by comparison with the existing ones 

in the literature. The effects of non-linearity, material constant and boundary conditions on 

bending of an FG sector plate are studied. It is shown that in bending analysis of functionally 

graded sector plates, linear theory is solely applicable for w/h< 0.2 and is inadequate for analysis 

of fully simply supported FG sector plates even in the small deflection range. 
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1. Introduction 

Functionally graded materials (FGMs) were first 
introduced in 1984 by material scientists in Japan 
[1]. These materials are heterogeneous and are 
made of at least two constituents. Furthermore, 
their properties vary continuously by gradually 
changing the volume fraction of the constituent 
materials along certain directions. They have found 
many applications in different fields due to their 
smooth variation in properties including spacecraft 
heat shields, heat exchanger tubes, biomedical 
implants, and flywheels [2]. 

Sector plates have a wide range of engineering 
applications such as basic structural elements, 
curved bridge decks, building floor slabs, and steam 
turbine diaphragms [3]. Therefore, understanding 

the mechanical behavior of sector plates is 
necessary. Based on the first-order shear 
deformation plate theory (FSDT), Ambartsumyan 
[4] presented an exact analytical solution for 
bending analysis of isotropic homogenous sector 
plates with two radial edges simply supported 
under uniform loading. Cheung and Chen [5] 
employed the finite strip method for static and 
dynamic analyses of thin and thick sectorial plates.  
Lie and Liew [6] adopted the differential quadrature 
method for a static analysis of annular sectorial 
plates based on FSDT. Lim and Wang [7] developed 
relationships between the Mindlin plate results and 
the corresponding Kirchhoff plate solutions for 
bending of annular sectorial plates with simply 
supported radial edges. Based on the FSDT, 
Jomehzadeh and Saidi [8] presented an exact 



 

66 F. Fallah, M.H. Karimi / Mechanics of Advanced Composite Structures 6 (2019) 65–74 

 

 

analytical approach for bending analysis of FG 
annular sector plates. Developing a reformulation of 
the governing equations within FSDT, Fallah and 
Nosier [9] presented an analytical closed-form 
solution for bending of FG circular sector plates with 
simple supports at their radial edges, and subjected 
to thermo-mechanical loadings. Based on FSDT, 
Mousavi and Tahani [10] analyzed bending behavior 
of radially functionally graded (RFG) sector plates 
using multi-term extended Kantorovich method. 
Based on classical plate theory (CLPT) of thin plates, 
Fereidoon and Mohyeddin [11] proposed a semi-
analytical solution for bending behavior of thin 
functionally graded sector plates with various types 
of supports under uniform and non-uniform 
loadings. Aghdam and Shahmansouri [12] studied 
the bending of moderately thick clamped FG sector 
plates using FSDT and extended Kantorovich 
method (EKM). Fallah and Khakbaz [13] studied the 
bending behavior of functionally graded annular 
sector plates with arbitrary boundary conditions 
subjected to both uniform and non-uniform loadings 
in terms of FSDT and single-term EKM. They 
employed EKM in two approaches. In the first one, 
they applied EKM to the displacement field and the 
functional form of the problem and in the second 
one, they applied EKM to the weighted integral form 
of the governing equations. They showed that while 
both approaches give accurate results for clamped 
and simply-supported boundary conditions, but just 
the first approach is acceptable for analysis of plates 
with free edges. Turvey and Salehi [14] used a finite-
difference discretization and dynamic relaxation 
algorithm to solve the elastic large deflection 
equations of isotropic sector plates. Alinaghizadeh 
and Kadkhodayan [15] carried out nonlinear 
bending analysis of radially FG circular sector plates 
on elastic foundation using FSDT and non-linear von 
Kármán assumptions. They employed generalized 
differential quadrature method and Newton–
Raphson iterative scheme to solve the nonlinear 
equations. Golmakan and Kadkhodayan [16] used 
dynamic relaxation numerical method and finite 
difference discretization technique to analyze large 
deflection behavior of stiffened annular FG sector 
plates under mechanical and thermo-mechanical 
loadings. From the literature review it is evident 
that most studies on bending behavior of FG sector 
plates are limited to linear analyses [ 8-13], while 
nonlinear analyses are few and are based on 
numerical methods [15, 16]. In addition, to the best 
of authors’ knowledge, there is no effort reported on 
large deflection response of FG sector plates whose 
effective properties vary through the thickness 
direction. 

In this study, based on FSDT and von Karman 
type of nonlinearity, nonlinear bending of FG 
circular sector plates with simple supports at their 
radial edges and subjected to transverse mechanical 
load is analytically studied. The material properties 
are assumed to be graded through the plate 
thickness according to a power-law distribution of 
the volume fraction of the constituents. 
Reformulation of non-linear coupled equilibrium 
equations into three uncoupled ones makes it 
possible to present analytical solution employing 
perturbation technique and Fourier series 
expansions. The results are verified by comparison 
with the existing ones in the literature. Effects of 
nonlinearity and material constant on bending 
behaviour of FG sector plates with simply supported 
and clamped circumferential edges are investigated. 
The results presented can be used as a benchmark 
in future studies. 

2. Theoretical formulation 

A functionally graded circular sector plate with 
outer radii of 𝑏, vertex angle 𝜃0, and thickness ℎ 
under transverse loading is considered. The 
geometry of the sector plate, loading and the 
coordinate system are shown in Fig. 1. The sector 
plate has simply supports at radial edges and 
arbitrary boundary conditions along the 
circumferential edge. 

Here, functionally graded material is modeled as 
a non-homogeneous isotropic elastic material and is 
assumed to be composed of ceramic (upper surface) 
and metal (lower surface) whose Young’s modulus 
vary continuously through the thickness of the plate 
according to a power-law relation in (1) [9]: 

𝐸(𝑧) = (𝐸𝑚 − 𝐸𝑐)(
ℎ − 2𝑧

2ℎ
)
𝑛

+𝐸𝑐  
(1) 

where the subscripts 𝑐 and 𝑚 refer to ceramic and 
metal, respectively and 𝑛 is the power-law index 
that takes values greater than or equal to zero. The 
Poisson ratio 𝜐 is assumed to be constant through 
the plate thickness. 

 
Fig. 1. Geometry of FG solid circular sector plate under a 

uniform pressure and the coordinate system 
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2.1. Equilibrium equations 

The displacement field of the plate in polar 
coordinate within the first-order shear deformation 
plate theory is assumed as follows [18], 

𝑈(𝑟, 𝜃, 𝑧) = 𝑢(𝑟, 𝜃) + 𝑧𝛹𝑟(𝑟, 𝜃) 

(2) 
𝑉(𝑟, 𝜃, 𝑧) = 𝑣(𝑟, 𝜃) + 𝑧𝛹𝜃(𝑟, 𝜃) 

𝑊(𝑟, 𝜃, 𝑧) = 𝑤(𝑟, 𝜃) 

where 𝑢, 𝑣, and 𝑤 represent the displacement 
components of a point on the middle plane of the 
plate along 𝑟, 𝜃 , and 𝑧 directions, respectively. Also, 
𝛹𝑟 and 𝛹𝜃 are the rotations of a transverse normal 
about the 𝜃- and 𝑟-axes, respectively. Substituting 
Eq. (2) into the von Karman nonlinear kinematic 
relations [17] the nonzero strain components are 
found as follows: 

(3) 

𝜀𝑟 = 𝜀𝑟
0 + 𝑧𝑘𝑟 

𝜀𝜃 = 𝜀𝜃
0 + 𝑧𝑘𝜃 

𝛾𝜃𝑧 = 𝑘𝜃𝑧 
𝛾𝑟𝑧 = 𝑘𝑟𝑧  

𝛾𝑟𝜃 = 𝛾𝑟𝜃
0 + 𝑧𝑘𝑟𝜃 

where 

 (4) 
 

𝜀𝑟
0 = 𝑢,𝑟 +

1

2
(𝑤,𝑟)

2
 

𝜀𝜃
0 =

1

𝑟
(𝑢 + 𝑣,𝜃) +

1

2

1

𝑟2
(𝑤,𝜃)

2
 

𝛾𝑟𝜃
0 =

1

𝑟
(𝑢,𝜃 − 𝑣)+ 𝑣,𝑟 +

1

𝑟
𝑤,𝑟𝑤,𝜃 

𝑘𝑟 = 𝜓𝑟,𝑟 

𝑘𝜃 =
1

𝑟
(𝜓𝑟 +𝜓𝜃,𝜃) 

𝑘𝑟𝜃 =
1

𝑟
(𝜓𝑟,𝜃 − 𝜓𝜃) + 𝜓𝜃,𝑟 

 𝑘𝜃𝑧 =
1

𝑟
𝑤,𝜃 + 𝜓𝜃 

𝑘𝑟𝑧 = 𝜓𝑟 +𝑤,𝑟 

in which a comma followed by a coordinate variable 
designates partial derivative with respect to that 
variable. By employing the principle of minimum 
total potential energy [17] and using Eqs.  (3) and 
(4), the equilibrium equations governing the 
behavior of an FG circular sector plate under 
transverse loading 𝑷𝒛(𝒓, 𝜽) (see Fig.1 ) are obtained 
as follows: 

𝛿𝑢;    𝑁𝑟,𝑟 +
1

𝑟
(𝑁𝑟 − 𝑁𝜃) +

1

𝑟
𝑁𝑟𝜃,𝜃 = 0 

(5a) 𝛿𝑣;    𝑁𝑟𝜃,𝑟 +
1

𝑟
𝑁𝜃,𝜃 +

2

𝑟
𝑁𝑟𝜃 = 0 

 𝛿𝜓𝑟;𝑀𝑟,𝑟 +
1

𝑟
(𝑀𝑟 −𝑀𝜃) +

1

𝑟
𝑀𝑟𝜃,𝜃 −𝑄𝑟=0 

(5b) 𝛿𝜓𝜃; 𝑀𝑟𝜃,𝑟 +
1

𝑟
𝑀𝜃,𝜃 +

2

𝑟
𝑀𝑟𝜃 −𝑄𝜃 =0 

(5c) 𝛿𝑤;    𝑟𝑄𝑟,𝑟 + 𝑄𝜃,𝜃 +𝑄𝑟 = 𝑟𝑃𝑧(𝑟, 𝜃) − 𝑟𝑁1 
where 𝑁1 is defined as: 

(6) 
𝑁1 = 𝑁𝑟𝑤,𝑟𝑟 +𝑁𝜃 (

1

𝑟
𝑤,𝑟 +

1

𝑟2
𝑤,𝜃𝜃) 

+2𝑁𝑟𝜃(
1

𝑟
𝑤,𝜃),𝑟 

The stress and moment resultants in (5) are 
defined as follows: 

(𝑁𝑟 , 𝑁𝜃 , 𝑁𝑟𝜃 , 𝑄𝜃 , 𝑄𝑟) = ∫ (𝜎𝑟 , 𝜎𝜃 , 𝜎𝑟𝜃 , 𝜎𝜃𝑧 , 𝜎𝑟𝑧)
ℎ

2

−
ℎ

2

𝑑𝑧  

(7) (𝑀𝑟 ,𝑀𝜃 ,𝑀𝑟𝜃)=∫ (𝜎𝑟 , 𝜎𝜃 , 𝜎𝑟𝜃)𝑧𝑑𝑧
ℎ

2

−
ℎ

2

 

Considering the plane-stress state, the linear 
elastic constitutive equations are as follows [18]: 

 {

𝜎𝑟
𝜎𝜃
𝜎𝑟𝜃

} =
𝐸(𝑧)

(1−𝑣2)
[

1 𝑣 0
𝑣 1 0

0 0
1−𝑣

2

] {

𝜀𝑟
𝜀𝜃
𝛾𝑟𝜃
} (8) 

{
𝜎𝜃𝑧
𝜎𝑟𝑧
} = 𝑘2

𝐸(𝑧)

2(1 + 𝑣  )
[1 0
0 1

] {
𝛾𝜃𝑧
𝛾𝑟𝑧
} 

where 𝐾2 is a shear correction factor. Upon 
substitution of Eqs. (3) into (8) and the ensuing 
results into (7), the stress and moment resultants 
are obtained 

𝑁𝑟 = 𝐴1𝜀𝑟
0 + (𝐴1 − 2𝐴2)𝜀𝜃

0 +𝐵1𝑘𝑟 + (𝐵1 − 2𝐵2)𝑘𝜃 

𝑁𝜃 = (𝐴1 − 2𝐴2)𝜀𝑟
0 +𝐴1𝜀𝜃

0 + (𝐵1 − 2𝐵2)𝑘𝑟 +𝐵1𝑘𝜃  

(9a) 𝑁𝑟𝜃 = 𝐴2𝛾𝑟𝜃
0 +𝐵2𝑘𝑟𝜃 

𝑀𝑟 = 𝐵1𝜀𝑟
0 + (𝐵1 − 2𝐵2)𝜀𝜃

0 +𝐷1𝑘𝑟 + (𝐷1 − 2𝐷2)𝑘𝜃 

𝑀𝑟 = (𝐵1 − 2𝐵2)𝜀𝑟
0 + 𝐵1𝜀𝜃

0 + (𝐷1 − 2𝐷2)𝑘𝑟 +𝐷1𝑘𝜃 

(9b) 
𝑀𝑟𝜃 = 𝐵2𝛾𝑟𝜃

0 + 𝐷2𝑘𝑟𝜃 

(9c) 𝑄𝜃 = 𝐾
2𝐴2𝑘𝜃𝑧, 𝑄𝑟 = 𝐾

2𝐴2𝑘𝑟𝑧 

where the stiffness coefficients are defined as: 

(𝐴1, 𝐵1 , 𝐷1) = ∫
𝐸(𝑧)

(1 − 𝜐2)
(1, 𝑧, 𝑧2

ℎ/2

−ℎ/2

)𝑑𝑧 
 

(𝐴2, 𝐵2 , 𝐷2) = ∫
𝐸(𝑧)

2(1 + 𝜐)
(1, 𝑧, 𝑧2

ℎ

2

−
ℎ

2

)𝑑𝑧 (10) 
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2.2. Reformulation of equilibrium equations 

Upon substitution of Eqs. (3) and (4) into (9) and 
the subsequent results into the equilibrium 
equations in (5), five nonlinear coupled differential 
equations in terms of 𝑢, 𝑣, 𝛹𝑟, 𝛹𝜃 and 𝑤 are 
obtained, which are complicated and difficult to be 
solved analytically. In order to facilitate their 
solution, the equilibrium equations are uncoupled to 
three equations. To this end, the boundary layer 
function 𝛷 and the force function 𝐹 are defined as 
follows [19, 20]: 

 𝛷(𝑟, 𝜃) =
1

𝑟
(𝜓𝑟,𝜃 − (𝑟𝜓𝜃),𝑟) 

(11) 𝑁𝑟 =
1

𝑟
𝐹,𝑟 +

1

𝑟2
𝐹,𝜃𝜃 

 , 𝑁𝜃 = 𝐹,𝑟𝑟 𝑁𝑟𝜃 = −(
1

𝑟
𝐹,𝜃),𝑟  

and using a procedure introduced in [20], the 
equilibrium equations in (5) are reformulated into 
three equations including one linear second-order 
equation in terms of the boundary layer function 𝛷 
and two nonlinear fourth-order equations in terms 
of transverse deflection, 𝑤 and stress function, 𝐹 as 
follows: 

(12) 
𝛻2𝛷−

𝐾2𝐴2

𝐷̂
𝛷 = 0 

(13a) 
𝛻2𝛻2𝑤 = −

1

𝐷
(𝑃𝑧 −𝑁1) 

+
1

𝐾2𝐴2
𝛻2(𝑃𝑧 − 𝑁1) −

2𝐶̅

𝐴1𝐷

1

𝑟2
𝑁2 

(13b) 
𝛻2𝛻2𝐹 = −

2𝐶̅

𝐴1𝐷
(𝑃𝑧 −𝑁1) 

+
𝐴̅𝐴1𝐷−4𝐶̅

2

𝐴1
2𝐷

1

𝑟2
𝑁2 

where 𝛻2 is the two-dimensional Laplace operator 
in polar coordinates and 

 
, 𝐷̂ = 𝐷2 −

𝐵2
2

𝐴2
 𝐷 = 𝐷1 −

𝐵1
2

𝐴1
 

(14) , 𝐶̅ = 𝐴1𝐵2 −𝐴2𝐵1 𝐴̅ = 4𝐴2(𝐴1 −𝐴2) 

(15) 
𝑁2 =

1

𝑟2
(𝑤,𝜃)

2
+ (𝑤,𝑟𝜃)

2 − 𝑟𝑤,𝑟𝑤,𝑟𝑟  

−
2

𝑟
𝑤,𝜃𝑤,𝑟𝜃 −𝑤,𝑟𝑟𝑤,𝜃𝜃 

Eqs. (12) and (13) are known, respectively, as 
the edge zone equation and interior equations of the 
plate. The other displacement field variables, i.e. 𝑢, 
𝑣, 𝛹𝑟, and 𝛹𝜃 can be obtained from the following 
relations [20]: 

(16a) 
𝛹𝑟 = −𝑤,𝑟 −

2𝐶̅

𝐴̅𝐾2𝐴2
(𝛻2𝐹),𝑟 +

𝐷̂

𝐾2𝐴2

1

𝑟
𝛷,𝜃 

 −
𝐷̅

𝐾2𝐴2
[𝛻2𝑤−

1

𝐾2𝐴2
(𝑃𝑍 −𝑁1)],𝑟 

(16b) 
𝛹𝜃 = −

1

𝑟
𝑤,𝜃 −

2𝐶̅

𝐴̅𝐾2𝐴2

1

𝑟
(𝛻2𝐹),𝜃 

−
𝐷̂

𝐾2𝐴2
𝛷,𝑟 −

𝐷̅

𝐾2𝐴2

1

𝑟
 

× [𝛻2𝑤−
1

𝐾2𝐴2
(𝑃𝑧 −𝑁1)]

,𝜃

 

(17a) 
𝑢,𝑟 = −

1

2
(𝑤,𝑟)

2
+
𝐴1
𝐴̅
𝛻2𝐹 −

1

2𝐴2
𝐹,𝑟𝑟 

+
𝐵2
𝐴2

2𝐶̅

𝐴̅𝐾2𝐴2
(𝛻2𝐹),𝑟𝑟 −

𝐵2
𝐴2

𝐷̂

𝐾2𝐴2
𝐿2(𝛷) 

+
𝐵2
𝐴2
𝑤,𝑟𝑟 + (

𝐵2
𝐴2

𝐷̅

𝐾2𝐴2

𝜕2

𝜕𝑟2
−
2𝐶̅

𝐴̅
) 

× [𝛻2𝑤−
1

𝐾2𝐴2
(𝑃𝑧 −𝑁1)] 

(17b) 1

𝑟
𝑣,𝜃 +

𝑢

𝑟
= −

1

2

1

𝑟2
(𝑤,𝜃)

2
+
𝐴1
𝐴̅
𝛻2𝐹 

−
1

2𝐴2
𝐿1(𝐹) +

𝐵2
𝐴2

2𝐶̅

𝐴̅𝐾2𝐴2
𝐿1(𝛻

2𝐹) 

 +
𝐵2

𝐴2

𝐷̂

𝐾2𝐴2
𝐿2(𝛷) +

𝐵2

𝐴2
𝐿1(𝑤) 

+(
𝐵2
𝐴2

𝐷̅

𝐾2𝐴2
𝐿1−

2𝐶̅

𝐴̅
) 

× [𝛻2𝑤−
1

𝐾2𝐴2
(𝑃𝑧 −𝑁1)] 

(17c) 1

𝑟
𝑢,𝜃 + 𝑣,𝑟 −

𝑣

𝑟
= −

1

𝑟
𝑤,𝑟𝑤,𝜃 −

1

𝐴2
 𝐿2(𝐹) 

+
𝐵2
𝐴2

4𝐶̅

𝐴̅𝐾2𝐴2
𝐿2(𝛻

2𝐹) 

+
2𝐵2
𝐴2

𝐿2(𝑤) −
𝐵2
𝐴2

𝐷̂

𝐾2𝐴2
[𝐿2(𝛷) − 𝛷,𝑟𝑟] 

+
2𝐵2
𝐴2

𝐷̅

𝐾2𝐴2
𝐿2[𝛻

2𝑤−
1

𝐾2𝐴2
(𝑃𝑧 −𝑁1)] 

where 𝐷̅ = (𝐷1𝐴̅ − 4𝐴2𝐵1
2 + 8𝐴2𝐵1𝐵2 − 4𝐴1𝐵2

2)/𝐴̅ 
and the partial differential operators 𝐿1and 𝐿2 are 
defined as: 

 
𝐿1 =

1

𝑟

𝜕

𝜕𝑟
+
1

𝑟2
𝜕2

𝜕𝜃2
 

(18) 
𝐿2 =

𝜕

𝜕𝑟
(
1

𝑟

𝜕

𝜕𝜃
) 

2.3. Solution of the equations 

Here, the non-linear differential Eqs. in (12), 
(13a), and (13b) are solved via the perturbation 
technique and Fourier series method. First, the 
three non-linear differential equations are replaced 
by an infinite set of linear differential equations 
using a perturbation technique. Then, the Fourier 
series expansions are utilized to reduce each set of 
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linear partial differential equations to ordinary 
ones, which are then analytically solved. 

In order to solve the Eqs. (12), (13a), and (13b) 
using the perturbation technique, all unknown 
variables 𝛷, 𝑤, and 𝐹 as well as the transverse 
loading 𝑃𝑧 are expanded in ascending power series: 

(19a) (𝛷, 𝑤, 𝐹)(𝑟, 𝜃)

=∑((𝛷𝑘 ,𝑤𝑘 , 𝐹𝑘)(𝑟, 𝜃))

∞

𝑘=1

𝑤̅0
𝑘  

(19b) 𝑃𝑧(𝑟, 𝜃) =∑𝑃𝑧𝑘(𝑟, 𝜃)

∞

𝑘=1

𝑤̅0
𝑘  

where the perturbation parameter 𝑤̅0 = w(𝑟1, 𝜃1)/
ℎ is the non-dimensional maximum deflection of the 
sector plate. The definition of 𝑤̅0  requires that 

w1(𝑟1, θ1) = h ,  wk(𝑟1 , θ1) = 0, 𝑘 =2,3,…. (20) 

Substituting (19) into (12) and (13) and 
collecting the terms having the same order of 𝑤̅0  
yields an infinite set of linear partial differential 
equations as follows: 

(21) 
𝛻2𝛷𝑘 −

𝐾2𝐴2

𝐷̂
𝛷𝑘 = 0 

(22) 
𝛻2𝛻2𝑤𝑘 = −

1

𝐷
(𝑃𝑧𝑘 −𝑁1𝑘) 

+
1

𝐾2𝐴2
𝛻2(𝑃𝑧𝑘 −𝑁1𝑘) −

2𝐶̅

𝐴1𝐷

1

𝑟2
𝑁2𝑘 

(23) 
𝛻2𝛻2𝐹𝑘 = −

2𝐶̅

𝐴1𝐷
(𝑃𝑧𝑘 −𝑁1𝑘) 

+
𝐴̅𝐴1𝐷− 4𝐶̅

2

𝐴1
2𝐷

1

𝑟2
𝑁2𝑘 

where 𝑁1𝑘  and 𝑁2𝑘, which can be considered as 
pseudo loads at each perturbation step, are 
determined from the preceding perturbation step 
and are given as follows: 

 𝑤̅0
 (𝑘 = 1);𝑁11 = 0;𝑁21 = 0 

𝑤̅0
𝑘 (𝑘 = 2,3,… ); 

𝑁1𝑘 =∑[ℓ1(𝐹𝑠, 𝑤(𝑘−𝑠) + ℓ1(𝑤𝑠, 𝐹(𝑘−𝑠))

𝑘−1

𝑠=1

+ ℓ2(𝐹𝑠, 𝑤(𝑘−𝑠))] 
(24) 

𝑁2𝑘 =∑[ℓ3(𝑤𝑠 ,𝑤(𝑘−𝑠)) + ℓ4(𝑤𝑠 , 𝑤(𝑘−𝑠))]

𝑘−𝑠

𝑠=0

 

where the partial differential operators ℓ1, ℓ2, ℓ3, 
and ℓ4 are defined as: 

(25) 
ℓ1(, ) = 𝐿1()

𝜕2()

𝜕𝑟2
, ℓ2(, ) = −2𝐿2()𝐿2() 

ℓ3(, ) = (
1

𝑟

𝜕

𝜕𝜃
−

𝜕2

𝜕𝑟𝜕𝜃  
)(
1

𝑟

𝜕

𝜕𝜃
−

𝜕2

𝜕𝑟𝜕𝜃  
) 

ℓ4(, ) = −(
𝜕2

𝜕𝑟2
)(𝑟

𝜕

𝜕𝑟
+
𝜕2

𝜕𝜃2
) 

And in order to find 𝛹𝑟 , 𝛹𝜃 , 𝑢 and 𝑣, they are also 
expanded in ascending power series as follows: 

(26) (Ψ𝑟 , Ψ𝜃 , 𝑢, 𝑣)(𝑟, 𝜃) 

=∑((𝛹𝑟𝑘 ,𝛹𝜃𝑘 , 𝑢𝑘 , 𝑣𝑘)(𝑟, 𝜃))

∞

𝑘=1

𝑤̅0
𝑘  

Substituting (26) and (19) into (16) and (17) and 
collecting the terms having the same order of 𝑤̅0  
yields, respectively, an infinite set of linear relations 
as follows: 

(27a) 

𝛹𝑟𝑘 = −𝑤𝑘,𝑟 −
2𝐶̅

𝐴̅𝐾2𝐴2
(𝛻2𝐹𝑘),𝑟 

−
𝐷̅

𝐾2𝐴2
[𝛻2𝑤𝑘 −

1

𝐾2𝐴2
(𝑃𝑧𝑘 − 𝑁1𝑘)],𝑟 

+
𝐷̂

𝐾2𝐴2

1

𝑟
𝛷𝑘,𝜃 

(27b) 

𝛹𝜃𝑘 = −
1

𝑟
𝑤𝑘,𝜃 −

2𝐶̅

𝐴̅𝐾2𝐴2

1

𝑟
(𝛻2𝐹𝑘),𝜃 

−
𝐷̅

𝐾2𝐴2

1

𝑟
[𝛻2𝑤𝑘 −

1

𝐾2𝐴2
(𝑃𝑧𝑘 − 𝑁1𝑘],𝜃 

−
𝐷̂

𝐾2𝐴2
𝛷𝑘,𝑟 

(28a) 

𝑢𝑘,𝑟 = 𝑁𝐿1𝑘 +
𝐴1
𝐴̅
𝛻2𝐹𝑘 −

1

2𝐴2
𝐹𝑘,𝑟𝑟 

+
𝐵2
𝐴2

2𝐶̅

𝐴̅𝐾2𝐴2
(𝛻2𝐹𝑘),𝑟𝑟 −

𝐵2
𝐴2

𝐷̂

𝐾2𝐴2
𝐿2(𝛷𝑘) 

+
𝐵2
𝐴2
𝑤𝑘,𝑟𝑟 + (

𝐵2
𝐴2

𝐷̅

𝐾2𝐴2

𝜕2

𝜕𝑟2
−
2𝐶̅

𝐴̅
) 

× [𝛻2𝑤𝑘 −
1

𝐾2𝐴2
(𝑃𝑧𝑘 − 𝑁1𝑘) 

1

𝑟
𝑣𝑘,𝜃 +

𝑢𝑘
𝑟
= 𝑁𝐿2𝑘 +

𝐴1
𝐴̅
𝛻2𝐹𝑘 −

1

2𝐴2
𝐿1(𝐹𝑘) 

(28b) 

+
𝐵2
𝐴2

2𝐶̅

𝐴̅𝐾2𝐴2
𝐿1(𝛻

2𝐹𝑘) +
𝐵2
𝐴2

𝐷̂

𝐾2𝐴2
𝐿2(𝛷𝑘) 

+
𝐵2
𝐴2
𝐿1(𝑤𝑘) + (

𝐵2
𝐴2

𝐷̅

𝐾2𝐴2
𝐿1 −

2𝐶̅

𝐴̅
) 

× [𝛻2𝑤𝑘 −
1

𝐾2𝐴2
(𝑃𝑧𝑘 −𝑁1𝑘)] 

(28c) 

1

𝑟
𝑢𝑘,𝜃 + 𝑣𝑘,𝑟 −

𝑣𝑘
𝑟
= 𝑁𝐿3𝑘 −

1

𝐴2
𝐿2(𝐹𝑘) 

+
𝐵2
𝐴2

4𝐶̅

𝐴̅𝐾2𝐴2
𝐿2(𝛻

2𝐹𝑘) +
2𝐵2
𝐴2

𝐿2(𝑤𝑘) 

−
𝐵2
𝐴2

𝐷̂

𝐾2𝐴2
[𝐿1(𝛷𝑘) − 𝛷𝑘,𝑟𝑟] 

+
2𝐵2
𝐴2

𝐷̅

𝐾2𝐴2
𝐿2[𝛻

2𝑤𝑘 −
1

𝐾2𝐴2
(𝑃𝑧𝑘 − 𝑁1𝑘)] 

where 
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(29) 

𝑤̅0; 𝑁𝐿11 = 0;𝑁𝐿21 = 0;𝑁𝐿31 = 0 

𝑤̅0
𝑘 ; 𝑁𝐿1𝑘 = −

1

2
∑𝑤𝑠,𝑟𝑤(𝑘−𝑠),𝑟

𝑘−𝑠

𝑠=1

; 

𝑁𝐿2𝑘 = −
1

2

1

𝑟2
∑𝑤𝑠,𝜃𝑤(𝑘−𝑠),𝜃

𝑘−𝑠

𝑠=1

; 

𝑁𝐿3𝑘 = −
1

𝑟
∑𝑤𝑠,𝑟𝑤(𝑘−𝑠),𝜃

𝑘−𝑠

𝑠=1

 

Next, in order to solve the linear partial 
differential equations within each set of 
perturbation step, Fourier series method is 
employed. To this end, it is assumed that the radial 
edges at 𝜃 =  0 and 𝜃 =  𝜃0 have simple supports 
with following boundary conditions: 
𝑀𝜃𝑘=𝛹𝑟𝑘 = 𝑤𝑘 = 0, 𝑢𝑘 = 𝑁𝜃𝑘 = 0 (30) 

In order to satisfy the boundary conditions at 
radial edges (30), the unknown variables and 
pressure are represented as a single Fourier series 
as follows: 
(𝐹̃𝑘 , 𝑤̃𝑘 , 𝛹̃𝑟𝑘 , 𝑢̃𝑘)(𝑟, 𝜃) 

= ∑(𝐹̃𝑘𝑚(𝑟), 𝑤̃𝑘𝑚(𝑟), 𝛹̃𝑟𝑘𝑚(𝑟), 𝑢̃𝑘𝑚(𝑟))𝑠𝑖𝑛(𝛼𝑚𝜃)

∞

𝑚=1

 

 

(𝛷𝑘𝑚 ,𝛹𝜃𝑘 , 𝑣𝑘)(𝑟, 𝜃) 

= ∑(𝛷𝑘𝑚(𝑟)

∞

𝑚=0

, 𝛹𝜃𝑘𝑚(𝑟), 𝑣𝑘𝑚(𝑟))𝑐𝑜𝑠 (𝛼𝑚𝜃) 

 

𝑃𝑧𝑘(𝑟, 𝜃) = ∑ 𝑃̃𝑘𝑚(𝑟)sin (𝛼𝑚𝜃)

∞

𝑚=1

 (31) 
 

where 𝛼𝑚 = 𝑚𝜋/𝜃0. Substitution of Eq. (31) into 
Eq.(21) through (23) and Eqs. (27) and (28), yields 
ordinary differential equations whose general 
solutions are known to be as follows: 

𝛷𝑘𝑚(𝑟) = 𝐴1𝑘𝑚𝐼𝛼𝑚(𝜇𝑟) (32) 

𝑤̃𝑘𝑚 = −
1

𝐷
{𝑞̃1𝑘𝑚 − 𝒳̃1𝑘𝑚} +

1

𝐾2𝐴2
{𝑞̃2𝑘𝑚 − 𝒳̃2𝑘𝑚} 

−
2𝐶̅

𝐴1𝐷
𝛺̅1𝑘𝑚+𝐷̃1𝑘𝑚𝑟

𝛼𝑚+𝐷̃2𝑘𝑚𝑟
𝛼𝑚+2 

(33)  

𝐹̃𝑘𝑚 = −
2𝐶̅

𝐴1𝐷
{𝑞̃1𝑘𝑚 − 𝒳̃1𝑘𝑚} +

𝐴̅𝐴1𝐷 − 4𝐶̅
2

𝐴1
2𝐷

𝛺̃1𝑘𝑚 

+𝐵̃1𝑘𝑚𝑟
𝛼𝑚 + 𝐵̃2𝑘𝑚𝑟

𝛼𝑚+2 
(34) 

𝛹̃𝑟𝑘𝑚 =
1

𝐷
(𝑞̃1𝑘𝑚

′ − 𝒳̃1𝑘𝑚
′ ) + 𝐶̂(𝑞̃2𝑘𝑚

′ − 𝒳̃2𝑘𝑚
′ ) 

+
2𝐶̅𝐶̂

𝐴1
Ω̃2𝑘𝑚
′ +

2𝐶̅

𝐴1𝐷
Ω̃1𝑘𝑚
′ −

𝛼𝑚

𝑟𝜇2
(𝐴1𝑘𝑚𝐼𝛼𝑚(𝜇𝑟))    

  

−𝛼𝑚𝑟
𝛼𝑚−1

{
 
 

 
 𝐷̃1𝑘𝑚 +

8𝐶̅(𝛼𝑚+1)

𝐴̅𝐾2𝐴2
𝐵̃2𝑘𝑚 +

4𝐷̅(𝛼𝑚 + 1)

𝐾2𝐴2
𝐷̃2𝑘𝑚

}
 
 

 
 

 

−(𝛼𝑚 + 2)𝑟
𝛼𝑚+1(𝐷̃2𝑘𝑚) 

 
(35) 

𝛹𝜃𝑘𝑚 =
𝛼𝑚
𝑟

1

𝐷
{𝑞̃1𝑘𝑚 − 𝒳̃1𝑘𝑚} + 

2𝐶̅

𝐴1𝐷

𝛼𝑚
𝑟
𝛺̃1𝑘𝑚 

+
𝐶̂𝛼𝑚
𝑟
 {𝑞̃2𝑘𝑚 − 𝒳̃2𝑘𝑚} +

2𝐶̅𝐶̂

𝐴1

𝛼𝑚
𝑟
𝛺̃2𝑘𝑚 

−
𝐷̂

𝐾2𝐴2
{𝐴1𝑘𝑚

𝑑

𝑑𝑟
{𝐼𝛼𝑚(𝜇𝑟)} − 𝛼𝑚𝑟

𝛼𝑚+1𝐷̃2𝑘𝑚 

−𝛼𝑚𝑟
𝛼𝑚−1 {

𝐷̃1𝑘𝑚 +
8𝐶̅

𝐴̅𝐾2𝐴2
(𝛼𝑚 + 1)𝐵̃2𝑘𝑚

+
4(1+𝛼𝑚)

𝐾2𝐴2
𝐷̅𝐷̃2𝑘𝑚

}       (36) 

𝑢̃𝑘𝑚 = (
𝐶̅

𝐴1
−𝐵2)

1

𝐴2𝐷
{𝑞̃1𝑘𝑚

′ − 𝒳̃1𝑘𝑚
′ } − 𝐶̃Ω̃1𝑘𝑚

′  

−
𝐵2
𝐴2
𝐶̂{𝑞̃2𝑘𝑚

′ − 𝒳̃2𝑘𝑚
′ } −

𝐵2
𝐴2

2𝐶̅𝐶̂

𝐴1
Ω̃2𝑘𝑚
′ +∫Ω̃2𝑘𝑚𝑑𝑟 

+
𝐵2
𝐴2

𝐷̂

𝐾2𝐴2

𝛼𝑚
𝑟
{𝐴1𝑘𝑚𝐼𝛼𝑚(𝜇𝑟)} + ∫𝑁𝐿̃1𝑘𝑚𝑑𝑟 

+𝛼𝑚𝑟
𝛼𝑚−1

{
 
 
 

 
 
 −

𝐵̃1𝑘𝑚
2𝐴2

+

𝐵2
𝐴2

(

 
 

8𝐶̅(𝛼𝑚 + 1)

𝐴̅𝐾2𝐴2
𝐵̃2𝑘𝑚

+𝐷̃1𝑘𝑚 +
4𝐷̅(𝛼𝑚 + 1)

𝐾2𝐴2
𝐷̃2𝑘𝑚

)

 
 

}
 
 
 

 
 
 

 

+𝑟𝛼𝑚+1

{
 
 

 
 (

4𝐴1
𝐴̅
−
(𝛼𝑚 + 2)

2𝐴2
) 𝐵̃2𝑘𝑚

+(
𝐵2(𝛼𝑚 + 2)

𝐴2
−
8𝐶̅

𝐴̅
) 𝐷̃2𝑘𝑚

}
 
 

 
 

 
(37) 

𝑣𝑘𝑚 = −
𝑟

𝛼𝑚
𝑁𝐿̃2𝑘𝑚 +

1

𝛼𝑚
∫𝑁𝐿̃1𝑘𝑚𝑑𝑟 −

𝐶̃𝛼𝑚
𝑟

𝛺̃1𝑘𝑚 

+(
𝐶̅

𝐴1
−𝐵2)

𝛼𝑚
𝑟𝐷𝐴2

× {𝑞̃1𝑘𝑚 − 𝜒1𝑘𝑚} −
𝑟

𝛼𝑚
𝛺̃2𝑘𝑚 

+
𝐵2
𝐴2
 
𝐷̂

𝐾2𝐴2

𝑑

𝑑𝑟
{𝐴1𝑘𝑚𝐼𝛼𝑚(𝜇𝑟)} +

1

𝛼𝑚
∫𝛺̃2𝑘𝑚𝑑𝑟  

+𝑟𝛼𝑚+1

{
 
 

 
 −(

4𝐴1
𝐴̅
+
𝛼𝑚
2𝐴2

) 𝐵̃2𝑘𝑚

+(
8𝐶̅

𝐴̅
+
𝐵2
𝐴2
𝛼𝑚) 𝐷̃2𝑘𝑚

}
 
 

 
 

+ 𝑟𝛼𝑚−1𝛼𝑚 × 

{
 
 

 
 

−
𝐵̃1𝑘𝑚
2𝐴2

+
𝐵2
𝐴2

{
 
 

 
 8𝐶̅

𝐴̅𝐾2𝐴2
(𝛼𝑚 + 1)𝐵̃2𝑘𝑚 + 𝐷̃1𝑘𝑚

+
4𝐷̅

𝐾2𝐴2
(𝛼𝑚 + 1)𝐷̃2𝑘𝑚

}
 
 

 
 

}
 
 

 
 

 

−𝐶̂
𝐵2

𝐴2

𝛼𝑚

𝑟
{𝑞̃2𝑘𝑚 − 𝜒2𝑘𝑚} −

𝐵2

𝐴2

2𝐶̅𝐶̂

𝐴1

𝛼𝑚

𝑟
𝛺̃2𝑘𝑚                 

(38) 
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where 𝐼𝛼𝑚  is the modified Bessel function of the first 
kind and: 

𝐶̂ =
1

𝐾2𝐴2
[
4𝐶̅2

𝐴̅𝐴1𝐷
− (1 −

𝐷̅

𝐷
)] 

 

𝐶̃ =
1

𝐴2𝐴1𝐷
(
𝐴̅𝐴1𝐷 − 4𝐶̅

2

2𝐴1
+ 2𝐵2𝐶̅ ) 

(39) 

μ =  √
𝐾2𝐴2

𝐷̂
 

 

Also 

{𝑞̃1𝑘𝑚 , 𝜒1𝑘𝑚 , Ω̃1km}=
1

rαm
∫

1

𝑟1−2𝛼𝑚
∫

1

𝑟2𝛼𝑚−1 

×∫
1

𝑟1−2𝛼𝑚
∫

1

𝑟𝛼𝑚−1
{𝑃̃𝑘𝑚 , 𝑁1𝑘𝑚 ,

𝑁2𝑘𝑚
𝑟2

}𝑑𝑟𝑑𝑟𝑑𝑟𝑑 

{𝑞̃2𝑘𝑚 , 𝜒2𝑘𝑚 , Ω̃2𝑘𝑚}=
1

𝑟𝛼𝑚
∫

1

𝑟1−2𝛼𝑚
  

∫
1

𝑟𝛼𝑚−1
{𝑃̃𝑘𝑚 , 𝑁1𝑘𝑚 ,

𝑁2𝑘𝑚
𝑟2

}  𝑑𝑟𝑑𝑟 

(40) 

It is to be noted that in Eqs. (32)-(38) 𝐴1𝑘𝑚, 
𝐵̃1𝑘𝑚, 𝐵̃2𝑘𝑚, 𝐷̃1𝑘𝑚 and 𝐷̃2𝑘𝑚 are the integration 
constants  in each perturbation step. These 
unknown constants are determined by imposing the 
appropriate boundary conditions at 𝑟 =  𝑏. Here, 
clamped and simply supported boundary conditions 
are considered at the circular edge (𝑟 =  𝑏) as 
follows: 

C : 𝛹𝑟𝑘 = 𝛹𝜃𝑘 = 𝑤𝑘 = 0, 𝑢𝑘 = 𝑣𝑘 = 0 (41) 

S : 𝑀𝑟𝑘 = 𝛹𝜃𝑘 = 𝑤𝑘 = 0, 𝑢𝑘 = 𝑣𝑘 = 0 (42) 

In each perturbation step, by imposing boundary 
conditions at 𝑟 =  𝑏, the integration constants are 
obtained in terms of the unknown constants 𝑃̃𝑘𝑚 . On 
the other hand, these unknown parameters are 
determined upon substitution of (33) into (20). 
Finally, the perturbation parameter 𝑤̅0  is found 
from Eq. (19b) which is a non-linear polynomial 
equation in 𝑤̅0  and is solved here numerically. 

 

3. Numerical results and discussions 

Here, to validate the results of the present study, 
three validation examples are presented for linear 
and nonlinear bending problems of circular sector 
plates with simply supported radial edges. For the 
purpose of numerical illustrations, Aluminum–
Zirconia as a system of FG is considered. The 
material properties of Aluminum and Zirconia are, 
respectively, assumed to be 𝐸𝑚   =  70 𝐺𝑃𝑎, 𝜐𝑚   =
 0.3, and 𝐸𝑐   =  151 𝐺𝑃𝑎, 𝜐𝑐  = 0.3 [9, 21]. In all 

calculations, the shear correction factor is taken to 
be 5/6. 

Example 1. The numerical results for the linear 
bending of FG circular sector plate with clamped 
and simple supports at the circular edge, subjected 
to a uniform transverse pressure (𝑃𝑧(𝑟, 𝜃) = 𝑝0) are 
pesented in Fig. 2 and are compared with those 
presented by Fallah and Nosier in [9].  Variations of 
non-dimensional transverse deflection (𝑤∗ =
𝑤𝐸𝑐ℎ

2
/𝑝

0
𝑏
3
) in radial direction (𝜃 = 𝜋/18) for an 

FG sector plate with ℎ/𝑏 = 0.1 , 𝜃0 = 𝜋/3 and 𝑛 = 3 
are shown in Fig. 2. It is worth mentioning that the 
results obtained in the first perturbation step 
represent a linear bending analysis. It is seen in Fig. 
2 that the first-perturbation solution is in excellent 
agreement with the analytical solution presented in 
[9]. 

Example 2. The numerical results for linear 
bending of homogeneous circular sector plates with 
various vertex angles subjected to a uniform 
transverse pressure, 𝑝0, are obtained within the 
classical plate theory (𝐾2𝐴2 → ∞) and compared 
with those presented by Timoshenko and 
Woinowsky [22]. The results for non-dimensional 
deflection 𝑤̅ = 𝑤𝐷̃/𝑝0𝑏

4 (with 𝐷̃ = 𝐸ℎ3/12(1 −
𝜈2)) at some points on the symmetry axis of the 
sector (𝜃 = 𝜃0/2) are presented in Table 1 and 
Table 2 for, respectively, clamped and simple 
supports at the circular edge. Excellent agreements 
are seen to exist between the two results. 

 
Fig. 2. Comparison of linear non-dimensional transverse 

deflection of FG circular sector plate with clamped and simple 
supports at the circular edge
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Table 1. Comparison of linear non-dimensional transverse 
deflection of a homogenous circular sector plate with clamped 

support at the circular edge under a uniform pressure 

𝜃0 𝑤̅ Ref. [22] Present study 

𝜋/3 𝑤̅(0.25𝑏, 𝜃0/2) 0.00017 0.000159 

 𝑤̅(0.5𝑏, 𝜃0/2) 0.00057 0.000568 

 𝑤̅(0.75𝑏, 𝜃0/2) 0.00047 0.000479 

𝜋/2 𝑤̅(0.25𝑏, 𝜃0/2) 0.00063 0.000634 

 𝑤̅(0.5𝑏, 𝜃0/2) 0.00132 0.001300 

 𝑤̅(0.75𝑏, 𝜃0/2) 0.00082 0.000849 

Table 2. Comparison of linear non-dimensional transverse 
deflection of a homogenous circular sector plate with simple 

support at the circular edge under a uniform pressure 

Example 3. The numerical results for nonlinear 
bending analysis of homogenous isotropic sector 
plates with simple supports at circular edges, 
subjected to a uniform transverse pressure 
(𝑃𝑧(𝑟, 𝜃) = 𝑝0) are presentd in Fig. 3 and are 
compared with those presented by Turvey and 
Salehi in [14]. Variations of non-dimensional 
maximum deflection 𝑤∗ = 𝑤/ℎ versus 
dimensionless load 𝑝∗ = 𝑝0𝑏

4/𝐸𝑚ℎ
4 for a 

homogenous isotropic sector plate with ℎ/𝑏 = 0.2  
and 𝜃0 = 𝜋/3 are depicted in Fig. 3. The maximum 
deflection occurs at 𝑟 = 0.647 𝑏 and 𝜃 = 𝜃0/2 =
𝜋/6. The results obtained within this study are in 
good agreement with those in [14].  

In the remainder of the present work, linear and 
nonlinear bending of FG circular sector plates under 
a uniform transverse pressure (𝑃𝑧(𝑟, 𝜃) = 𝑝0 ) is 
considered. Unless mentioned otherwise, the 
thickness to radius ratio ℎ/𝑏 and vertex angle 𝜃0 of 
the plate are assumed to be 0.02 and 𝜋/3, 
respectively, and the results will be presented for 𝜃 
= 𝜃0/2 and 𝑛 = 1. For convenience, the following 
non-dimensional parameters are introduced: 

𝑤∗ = 𝑤/ℎ 
(43) 

𝑝∗ = 𝑝0𝑏
4/𝐸𝑚ℎ

4 

𝑁𝑟
∗ = 𝑁𝑟𝑏

2/𝐸𝑐ℎ
3 

Figs. 4 and 5 show a comparison of linear (first-
step perturbation solution) and nonlinear analyses 
for the variations of non-dimensional maximum 
deflection versus pressure in FG sector plates with 
simple and clamped supports at circular edge, 
respectively. It is observed that the difference 
between linear and nonlinear analyses (a 

discrepancy more than 2 percent) starts from 
𝑤 / ℎ =  0.25 for simple support and from 𝑤 / ℎ =
 0.23 for clamped support, which indicates the 
importance of nonlinear analysis for FG sectors. 

Fig. 3. Comparison of nonlinear bending results for a 
homogenous isotropic sector plate with simple supports at the 

circular edge. 

Fig. 4. Variations of maximum non-dimensional deflection of FG 
circular sector plates with simple supports at circular edge 

versus load parameter 𝑝∗. 

Fig. 5. Variations of maximum non-dimensional deflection of FG 
circular sector plates with clamped supports at circular edge 

versus load parameter 𝑝∗   

𝜃0 𝑤̅ Ref. [22] Present study 

𝜋/3 𝑤̅(0.25𝑏, 𝜃0/2) 0.00019 0.000196 

 𝑤̅(0.5𝑏, 𝜃0/2) 0.00080 0.000802 

 𝑤̅(0.75𝑏, 𝜃0/2) 0.00092 0.000939 

𝜋/2 𝑤̅(0.25𝑏, 𝜃0/2) 0.00092 0.000926 

 𝑤̅(0.5𝑏, 𝜃0/2) 0.00225 0.002300 

 𝑤̅(0.75𝑏, 𝜃0/2) 0.00203 0.002100 
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Another phenomenon is observed in a fully 
simply supported FG sector plate (Fig. 4) where  in a 
small region (𝑤/ℎ ≤ 0.1), nonlinear analysis 
predicts the transvers deflection larger than the one 
linear analysis predicts which again emphasizes the 
importance of nonlinear analysis for FG material.  
To explain such a behavior, a comparison of linear 
and non-linear analyses for the variations of non-
dimensional radial resultant force versus pressure 
in FG sector plates with clamped and simple 
supports at their circular edge, are investigated in 
Figs. 6 and 7, respectively. It is seen in Fig. 6 that the 
radial resultant force of clamped sector plate is 
always positive according to the non-linear theory. 
However, according to the non-linear solution in Fig. 
7, it is observed that the radial resultant force 𝑁𝑟 is 
always tensile except in a small region in the 
beginning of a positive transverse load in which 𝑁𝑟 
is compressive due to the existing bending–
extension coupling in the plate and then becomes 
tensile as the loading is increased (since the large 
deformation effect becomes dominant). This can 
explain the behavior in a fully simply supported FG 
sector plate that the nonlinear deflection is larger 
than the linear one, since compressive radial force 
has a softening effect. Further numerical results 
show that this phenomenon is more pronounced in 
FG plates with stronger bending-extension coupling. 
This observation is also reported in [23]. 

The results for dimensionless deflection of 
simply supported and clamped FG sector plate 
under uniform pressure (𝑝∗ = 200) for different 
values of power-law index, n, along the radial 
direction at 𝜃 =  𝜃0/2 are shown in Fig. 8. The 
maximum deflection happens at 𝑟 = 0.601 𝑏 for 
clamped supports and at 𝑟 = 0.651 𝑏 for simple 
supports. It is expectedly observed that for higher 
values of n, where the volume fraction of metal 
increases, the plate deflection increases, too. 
Furthermore, the deflection of an FG sector plate 
with simple supports at the circular edge is larger 
than the one with clamped supports. 

4. Conclusions 

In the present work, the von Karman nonlinear 
equilibrium equations of an FG sector plate 
subjected to transverse mechanical load within 
FSDT are reformulated. An analytical solution is 
developed for FG circular sector plates with simple 
supports at the radial edges using perturbation 
technique in conjunction with Fourier series 
method. The results are verified with the known 
results in the literature. Effects of material constant 
and nonlinearity on FG sector plates with various 
boundary conditions is studied in several numerical 
illustrations. Comparison of the linear and nonlinear 

analyses shows that linear analysis is only valid for 
𝑤/ℎ < 0.2 and is inadequate for analysis of fully 
simply supported FG sector plates even in the small 
deflection range, which, on the other hand, shows 
the importance of a nonlinear analysis. 
Furthermore, the results presented here based on 
the analytical solution can be used as a benchmark 
in future studies. 

 

Fig. 6. Variations of non-dimensional radial stress resultant of FG 
circular sector plates with clamped supports at circular edge 

versus load parameter 𝑝∗ 

 

Fig. 7. Variations of non-dimensional radial stress resultant of FG 
circular sector plates with simple supports at circular edge 

versus load parameter 𝑝∗ 

 
Fig. 8. Dimensionless deflection of FG sector plates under 

uniform pressure (𝑝∗ = 200) for different values of n along the 
radial direction at 𝜃 = 𝜃0/2 
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