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In this article, the thermo-elastic behavior of a functionally graded simple blade subjected to
the mechanical and thermal loadings is presented, applying a semi-analytical method and a
variable thickness cantilever beam model. A specific temperature gradient is employed
between the root and the edges of the beam. It is assumed that the mechanical and thermal
properties are longitudinal direction dependent pursuant to volume percent of
reinforcement. The approach is composed of several steps, including adoption of first-order
shear deformation theory, applying beam division accompanying the longitudinal direction,
imposing global boundary conditions, and deliberating the continuity conditions. As a result,
longitudinal and transverse displacements, and consequently longitudinal, shear and
effective stresses are acquired. The analysis is performed for three different distributions of
reinforcement particles and pure matrix. Minimum effective and shear stresses distribution
belong to the blade with 0% reinforcement at root and 40% reinforcement at tip surface. It
has also been discovered that application of reinforcement particles have reasonable effect

on the longitudinal and transverse deflections.

1. Introduction

Nowadays, the application of functionally
graded materials in the structures, devices, and
parts of components is developing. Most of these
materials have desirable resistance to heat and
consequently are employed in heat-exposed
components. On the other hand, beams are one of
the most famous and well-known elements whose
analysis can be beneficial in different ways. In this
study, a semi-analytical solution is presented for a
functionally graded simple blade. A simple blade
modelled by variable thickness cantilever beam is
contemplated in order to gain the idea of
deformations and stresses. Subsequently, applying
the present method, thermoelasticanalysis of the
functionally graded blade made of ZrO2/Ti6Al4V
is proposed, and the results are extracted and
compared with each other.

Kapania and Raciti reviewed the
developments in the analysis of laminated beams
and plates [1]. In a special section of the review of
the previous work, they discussed the various
shear-deformation theories for plates and beams
and pointed to several methods of analysis
pursuant to the finite element method. They

implied to one of the finite element methods that
are based on the high-order shear deformation
theory. The application of shear deformation
theory was also deliberated by researchers in
order to analyze beams, especially composite
beams. In 1998, Shi et al. developed a model in
consonance to finite element for the analysis of
composite beam elements. Interestingly, the basis
of this model is pursuant to the shear deformation
theory [2]. In 2001, Sankar presented an elasticity
solution for functionally graded beams [3]. In that
research, mechanical properties such as Young’s
modulus and shear modulus are a function of the
thickness of the beam, and the analytical method
does not respond to the application of functionally
graded materials that change their properties
along the beam. Sankar and Tzeng inspected the
thermal stresses in functionally graded material
beams [4]. Here, properties are also variable in the
thickness of beam. In another study, Chakrabortya
et al. examined the three-layer beam by the
method of finite element relations [5]. This beam
consists of two layers of the dissimilar material at
the bottom and lowers and a core of a functionally
graded material. In this study, the properties are
the function of the core thickness. Nirmala et al.
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indicated an analytical solution for thermoelastic
stresses in a composite beam with functionally
graded material core [6]. Moreover, Kadoli et al.
inspected a static analysis of functionally graded
beams applying higher order shear deformation
theory [7]. In one part of their research, they
compared the results of the use of first-order and
higher-order shear deformation theory and
concluded that the dissimilarity in results was
very small and insignificant. In another similar
study in 2008, X.F. Li provided a formulation for
the static and dynamic analysis of functionally
graded Timoshenko and Euler-Bernoulli beams
[8]. In this research, the natural frequencies and
mode shapes of a simply supported beam were
obtained and reported.

Investigations on the thermal buckling of
functionally graded beams were performed by
Kiani and Eslami, where the gradation in
properties was through the thickness [9]. This
research surveyed different boundary conditions
under various heat distributions. Loghman et al.
examined time-dependent thermoelastic creep
analysis of a rotating disk made of Al-SiC
composite [10]. They divide the disk thickness
into a finite section, and by applying the principle
of continuity and boundary conditions solved the
differential equations for each section, and
subsequently  computed  deflections and,
consequently, thermoelastic stresses and strains.
Furthermore, by this analysis, a creep analysis
was performed for the disk. Xu and Zhou provided
a two-dimensional thermoelastic analysis of
homogeneous beams with variable thicknesses
under thermo-mechanical forces for simple
support [11]. They initially assumed the harmonic
series with unknown coefficients for temperature
and stress distribution, and then acquired the
coefficients applying the wupper and lower
boundary conditions and edges boundary
conditions. They validated their analysis with the
finite element method. In another article, Nguyen
et al. proposed a method for static analysis and
free vibration of the beams made of axially loaded
functionally graded materials based on the first-
order shear deformation theory [12]. They
explored the influence of the non-homogeneous
index which governs the volume fraction
gradation of functionally graded materials on
displacements, natural frequencies, buckling
loads, and load-frequency curves as well as
corresponding mode shapes. Hien Ta Duy et al.
inspected the free vibration of FGM beams with
variable cross-section [13] They assumed
material properties to vary in thickness following
the exponential law. They developed numerical
analyses based on finite element method by using
a beam element and verified their analytical
analysis by this numerical method. Niknam et al.

148

investigated non-linear bending of a tapered beam
consisted of functionally graded material
subjected to thermal and mechanical load with
arbitrary boundary conditions [14]. As in the
previous studies described here, they assumed
variable properties in the thickness direction, and
provide an analytical closed-form solution for
which there is no axial force. For a more general
state with axial force in the longitudinal direction
of the beam, they applied a Galerkin technique and
a Generalized Differential Quadrature (GDQ)
method for satisfaction of equilibrium. Finally, the
results of the two methods were compared.

Applying first-order shear deformation theory
to analyze the famous elements made of
functionally graded material is a useful and
promising function. Arefi et al. provided an
analytical solution for an FG cylindrical shell
subjected to mechanical and thermal loading by
first-order shear deformation theory [15].
Heshmati and Daneshmand inquired the effect of
different profile variations on vibrational
properties of non-uniform beams made of graded
porous materials by applying Timoshenko beam
theory  [16]. Recently, an  ameliorated
mathematical model is presented in order to
examine the free vibration behavior of post-
buckled tapered functionally graded material
beam, subjected to the thermal load by Amlan
Paul and Debabrata Das [17]. They revealed
reasonable effects of shear non-linearly and
temperature-dependent thermal conductivity on
dynamics of the beam.

In this study, the variable cantilever beam is
assumed as a simple blade. It is clear that
application of FEM and numerical methods are
capable for analysis of exact geometry of the beam
and other complicate geometries. For example,
AKkbari et al. developed a meshless method known
as the Meshless Local Petrov-Galerkin (MLPG)
method for analysis of thermoelastic waves in a
two-dimensional FGM domain [18]. Rectangular
domains have been analyzed under transient
thermal loading by this method. Areias and
Rabczuk developed a beneficial algorithm for
FEM-based computational fracture of plates and
shells made of both brittle and ductile materials
[19]. This algorithm is simple and effective. Thai et
al. proposed a computational method based on the
modified strain gradient theory and higher-order
shear deformation theory for static bending and
free vibration analyses of FG carbon nanotube-
reinforced composite microplates [20]. A novel
algorithm based on combining a NURBS-based
inverse analysis with both kinematic and
constitutive nonlinearities employed by Vu-Bac et
al. [21]. This new method employed widely for
analyzing thin shell structures.
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In this study, we present a thermoelastic
analysis of a functionally graded blade made of
Zr02/Ti6Al4V composite applying first-order
shear deformation theory. Unlike previous
studies, not only the material properties are
variable longitudinally, but the rotating beam
geometry is varying functionally along the beam
as well.

2. Material properties, geometry, and
loading

Mechanical and thermal properties of the
material are linearly variable in the longitudinal
direction based on the volume percent of the
constituent. Pursuant to this assumption,
properties can be described as below.

VP(x) = Vioot + 7 (Vtzp root)

M(x) = matnx + (Mremforcement - Mmatrix)
VP(x)

100

As variable x is the coordinate in conformity
with blade length and L is the length of the blade,
VP(x) is the volume percent of reinforcement
particles at point x, Vi, and Vi, are volume
percent of reinforcement at the root and tip of the
beam, respectively.

Here M(x) is the x-dependent property, M atrix
and Miginforcement are the pure matrix and
reinforcement property, respectively. This beam is
exposed to distributed forces representing the
aerodynamical force. The root of the beam is
clamped, and the tip of the beam is free. Thermal
loading is a temperature field as a result of
temperature difference between root and tip of
the beam with arbitrary function in terms of the
beam length. The sketch of the beam is depicted in
Fig. 1. The length of the beam is L. The variation of
the beam thickness is expressed by the h(x). In

fact, this function exhibits the profile of the beam.

(1)

3. Governing equations and analysis
method

In this section, by the FSDT, an elastic solution
is presented. The displacements in the X and Z
directions are in accordance with the theory of
elasticity as:

u(x,z) = ug + zpp(x) (2)
w(x,z) = w,

As u and w are longitudinal and transverse
displacement respectively  u, indicates the
longitudinal displacement of the neutral axis
w, represents the transverse displacement and
Y(x) is the rotation component. Applying the
linear strain-displacement relations, and also
considering thermal strain, longitudinal and shear
strain components are written asfollow.

du du, oY (x)

Exx = I ﬁ 5 + aT (x) )
_Ou  ow @ adw,
YXZ - aZ a - l»b X a

As &, is the normal strain in the longitudinal
direction and y,, is the shearing strain in xz plane.
Generalized Hooke’s law by considering the
thermal strains, in this case, is written as below.

=Ee, =E [auo aIIJ( )

Tar = G = G [ 900 + g]

+aT (x)] “

As oy, and t,, are normal and shear stress in
the xz plane. Substituting the strain components
from Eq.(3) into the strain energy density
equation and integrating over the volume of the
structure, the total strain energy of the beam is
acquired. The variation of the strain energy in
conformity with the principle of virtual work is as
below.
6U

= J J (OxxO&xx
A VA

+ ) dodd = [ [ (@SR
0649

+ 8aT(x)) + Ty (5P (x) (5)

j (Nxxa‘5”°+ TR e
Wo
w2 a 2%y 44

As N,,,, M, and N,,, are the force and moment per
unit length defined as follows.

Nyy = j Oy dz = U E(x)dz]%
+ [f zE(x)dz]Z—lj(J

+ [ EatTeods
N = [ otz = [[ Gooee] [weo + 2 )

du
M,, = fzo*xxdz = [f zE(x)dz]a—x0

+ [f ZZE(x)dz] ?)_13/:

+fE(x)a(x)T(x)zdz

The external work due to mechanical loads is
represented by:
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Fig. 1. sketch of a beam subjected to distributed forces and
thermal loading

W= —f F,(0)u + F,(X)y + F;(x)w dx (7)

where W is the total external work, F;(x) is the
centrifugal inertia body force, F, (x) is the external
torque and F;(x) is the transverse load. The
loading matrix is written as below.

Fi(x) ) p(x)h(x) Ty + x]
F(x) = |F0)|= [ (8)
F3(x) —P(x)

In the absence of external torque, F2(x) is set to
zero in Eq. (8). According to Eq. (8), the variation
of external work is expressed as

W =— fFl @ou+ KoY + Fswdr )

Pursuant to the principle of virtual work, the
strain energy variations are equal to the variation
of external work, namely:

W = 6U (10)

Deliberating Eq. (5), Eq. (10) and Eq (9) one
can obtain:

ON,,
%, e an
—N 5+ N =0
Xz _
ax F3 (‘x)

By substituting from relation (6) into Eq. (11)
the following constitutive differential equations of
the problem are acquired.

Al(x)u,xx (x) + A, (x)lpxx + A5 ()T (x)
=Fx)
_AZ (x)u,xx (X) - A4(x)lp,xx (X) + A3(x)l!)(X)
+A;()w,(x) =0
A3 P () +A5 )Wy (x) + A6 ()T (x)
= F3(x)

As Ai(x) (i=1, 2, 3, 4, 5, 6) is given in the Appendix
A. Ai(x) are unknown constants. In order to solve
these dissimilar equations with variable
coefficients, a semi analytical division method has
been applied method [22].

(12)
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In this method, the solution domain is divided
into a large number of subdomains. For each
division, properties of the midpoint are assumed
to be constant for the same division.
Consequently, in the set of constitutive differential
equations, variable coefficients are changed into
constant coefficients. With respect to the local and
global boundary conditions between every two
adjacent sub-domains, constitutive differential
equations yield a set of linear algebraic equations.

Here, a large number of divisions in the
longitudinal direction are contemplated (Fig. 2).
For each division, the Egs. (12) are solved and,
applying the local boundary conditions introduced
in relation (13), and global boundary conditions
(14), a set of algebraic equations containing
constant coefficients of each division are acquired.
Solving these equations, constants are obtained,
then displacements, stresses, and strains are
achieved.

The local boundary conditions that are as a
result of the continuity condition are: as below.

tk+1
— k+1
=ulx -
(-5

tk tk+1
o 5)-aler-)
tk tk+1
W<xk+?)=w<xk+1— 5 )
tk tk+1 (13]
k - k+1
Uy <x + ?) = Uy <x -
tk tk+1
o) o)

tk+1
k+1
w X -
* < 2 )

The tip of the blade is free, and root of the
blade is fixed. On that account, the root and tip
global boundary conditions of the cantilever FGM
blade are as follows. According to the division
method, Eq. (12) for Kth division is rewritten as:

Z
th_ th
(K-1) Division K Division ~ (+1]" Division

N1/

PR KK

t 't

r 3

r
v

Fig. 2. dividing x-direction of cantilever FGM beam
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u=20
B.c:yyp =0 x=0
w=20
N,, = f 7(x,2)dA =0
B.c: < Mxxzfzoxdi=0 x=1
Ny = f OxxydA =0
Al(xk)u,xx(xk) + Az(xk)ll),xx +
As ()T (x*) = F (xF)
_Az(xk)u,xx(xk) - A4(xk)1/),xx(xk) +

Az ()P (k) + A; (KYw, (x¥) =0

A3(xk)1/),x(xk) + A3(xk)vv,x(xk) +
A (XIT(x*) = F3(x*)

As the constants Ai (x¥) (i=1, 2, 3,4, 5, 6) are
given in the Appendix B.

4. Numerical results

An analysis is performed for a cantilever FGM
beam whose non-homogeneity is as a result of
variable property in the longitudinal direction,
using the method described in the previous
section. Upper and lower surface profiles are
mathematically represented by the following
relations (16) and (17). In these equations x is in
millimeters.

X
14 —0.01x -
e + 30

x
_14 -0.01x __
€ 30

With the above mentioned profiles thickness
as a function of x is represented by Eq. (18).

- —0.01x _ *
h(x) = 28e =

In this composite, Poisson’s ratio is constantly
supposed, and v = 0.29. Also, it is assumed that L =
200 mm, ro=300 mm, Tre=300 K, Tup=325 K,
®w=7000 rpm. The mechanical and thermal
material properties are presented in Table 1.

For four different distributions  of
reinforcement particle A: Vioot=0 & Vip=40, B:
Vioot=20 & Vtip:20, C: Vioot=0 & Vtip:0 and D:
Vioot=40 & Viip=0, the distribution of longitudinal
and transverse displacements and shear stresses
and effective stresses is computed by the present
method.

Figs. 3-6 depicted respectively longitudinal
displacement, transverse displacement, shear, and
effective stress of all four distributions non-

(14)

(15)

(16)

(17)

(18)
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dimensionally. It is clear that the longitudinal
tension in the neutral axis is zero.

Table 1. Mechanical and thermal properties

Property (Unit) Zr02 Ti6Al4V

E (GPa) 175 114.5

G (GPa) 69.9 47.5
kg

p (F) 5575 4470

a (K™ 7.25x 107° 8.9 x107°

1
s
08
=
<
w
_d; 0.6
=
204
=4 ==t AiVroo= 0% & Vup=40%
I-l=-l ---+- B:20% Uniformly Reinforced
0.2 — C:Pure Metal
=== D:Vroot=40% & Vip= 0%
0
0 0.2 0.4 0.6 0.8 1
x/L
Fig. 3. distribution of longitudinal displacement
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% 02 04 o06 08 1
x/L
Fig. 4. distribution of transverse displacement
“w-."L == AcViroor= 0% & Vup=40%
e «++++ B:20% Uniformly Reinforced
2o, | —cpure etal
~ T \ === D:Vroot=40% & Vup= 0%
s
(2]

o Prigauavt
-
- tn
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0 0.2

0.4
x/L

0.6 0.8 1

Fig. 5. distribution of longitudinal stress
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-0.2
“a
o~ -0.4
3
$ -0.6
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b# 08 " == A:Vroot= 0% & Viip=40%
..... B:20% Uniformly Reinforced
. = C:Pure Metal
-1 ===D:Vroot=40% & Vtip= 0%
0 02 04 06 08 1
x/IL

Fig. 6. distribution of shear stress

The distributed transverse forces P(x) and the
temperature distribution T(x) are mathematically
represented in relations (19) and (20) as follows.

P(x) = (—0.06 (%)2 - 0.05% - 0.01) Mpa (19

T(x) = 25(;) + 300 (20)

Since the longitudinal tip deflection of the
blade is essential here, effect of temperature rise
on the maxi-mum longitudinal tip deflection of the
blade is inspected. Case A is selected for this study
because the maximum effective stress belongs to
this case. In Table 2, effect of temperature rise on
the maximum longitudinal tip deflection is
reported

It is clear that the tip deflection is increased
due to temperature rise as expected.

In order to demonstrate the effect of
transverse distributed load on the maximum
deflections and stresses, analysis for three
different transverse loads P(x), 1.2P(x), and
1.5P(x) is carried out, and results are compared
with each other. In Table 3, the effect of increasing
transverse load on the maximum deflections and
stresses is reported. Pursuant to the Table 3,
increasing transverse loads increases the
maximum transverse deflection, maximum shear
stress, and effective stress and decreases the
maximum longitudinal deflection

5. Validation

In order to operate the precision and validity
of the current study, applying Abaqus software,
displacements distribution and effective stress
distribution are computed for the case A and
compared with the same case obtained from the
proposed method. The CPS8R element in the
commercial software Abaqus was used for the
analysis (ABAQUS Documentation User‘s Manual).
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Table 2. Effect of temperature on the maximum longitudinal
tip deflection

T(x) 1.2T(x) 1.5T(x)

uEtiealav/

prisalvL3w? 1.0669 1.1151

1.1873

Table 3. Effect of transverse load on the maximum deflections
and stresses

P(x) 1.2P(x) 1.5P(x)
uEriealav/
PTicAlavL3w?2 1.0669 1.0668 1.0666
wETiealav/
pTicAlavL3w?2 -0.004342 -0.00521 -0.006513
oxEtiealav/
pTicAlavL2w?2 2.308 2.308 2.308
oxzETiealav/
pTicAlavL2w?2 -1.107 -1.329 -1.661
GenEmensy/ 3.00982 3.2600 3.689

prisal4vL2w?

5.1 Sensitivity to mesh size

Sensitivity analysis indicated the influence of
uncertain input parameters on the variance of the
outputs [23]. For example, Sensitivity analysis
made possible to find the maximum allowable
principal stress, and Young’s modulus of the epoxy
matrix has the most significant effect on the
variance in the fracture energy [24]. Recently, this
analysis was applied to extract the key input
parameters influencing the energy conversion
factor of flexoelectric materials [25].

Here, distribution A is selected for validation.
Also, point S=x/L=0.5 is used to sensitivity to
mesh size. In order to find the number of elements
suitable for accurate analysis, the distribution of
displacements and stresses at S is plotted versus
the number of elements. The result of this
examination is revealed in Fig. 7.

. e AiVroot= 0% & Viip=40%
N ++++ B:20% Uniformly Reinforced

2.5, —C:Pure Metal
~ ~==D:Vroot=40% & Vtip= 0%
N8 2
-
3
§1.5
=
Q
9
b
0.5
0
0 0.2 0.4 0.6 0.8 1
XL

Fig. 7. distribution of effective stress
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6. Comparing

In this section, in order to validate the method,
distribution of longitudinal and transverse
displacements and effective stresses in finite
element solutions and current research are
compared in a beam made of ZrO2/Ti6Al4V
composite with the arbitrary distribution. Here,
distribution A is assumed for the reinforcement.
The comparison is illustrated in Figs. 8-11.

140 080
130 - 0.75%
Ny 120 °
>
o 110 o 2
3 @
é 1.00 -+ Nondimensional Effective | 965
=0. >
_9% 0.90 Stress at x/L=0.5 060 g
p® 080 = Nondimensional Axial 055 o
0.70 Deformation at x/L=0.5 |

0.60 050

a5 95 145 195
Number of Elements

Fig. 8. Illustrates the fact that if the number of elements is
more than 195, the convergence of the results will be achieved
for the finite element analysis

1 e
o~ . f’.‘-
ne -
- 0.8 -
§ ."'./
:
i 0.6 o
a g
s 0.4 J
na g « FEM Method
= 0.2 e --=-Current Method
% 02 04 06 08 1
x/L

Fig. 9. Comparison of the distribution of longitudinal
displacement in the finite element analysis and the current

oX 10
*-.._\.
NB ‘1 \'\_
L) o
—'> ® FEM Method .
= 2 =-=Current Method \‘\,
g B .'\'\
Qi_ \'\_
33
3
= 3,
w Y,
z 4
»
-5
0 0.2 04 0.6 0.8 1
x/L

Fig. 10. Comparison of the distribution of transverse
displacement in the finite element analysis and the current
research
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3
25
.
~ S
o 2 RN
- N, -.=.Current Method
:
é 1.5 .,
[ N
(=% .
h‘% 1 .. .
o
0.5 S
0 S
0 0.2 0.4 0.6 0.8

x/L

Fig. 11. comparison of effective stress in the finite element
analysis and the current research

As it is observed from Figs. 9-11 that there is a
decent agreement between the method presented
in this study and the finite element method.

7. Conclusions

In this study, a semi-analytical analysis for
thermo-elastic behavior of the blade made of
Zr02/Ti6Al4V composite is presented. In fact, this
beam is a simplified model of the turbine’s blade.
The distributed force represents the aerodynamic
force on the blade. Loading is an arbitrary
transverse distributed force and a distributed
temperature field. The novelty of the current
study is that not only the material properties are
variable longitudinally but also the beam
geometry is varying functionally in conformity
with the beam as well.

The governing equations were derived by
applying the first-order shear deformation theory.
The solution to the differential equation is carried
out through employing a semi-analytical method,
the continuity conditions at the interfaces, and the
global boundary conditions at the root and tip of
the beam for each sub-domain.

The distribution of reinforcement particles in
the matrix of pure Ti6Al4V is assumed to change
linearly. However, regarding the proposed
method, there is no limitation for the non-
homogeneous distribution, i.e. the model is
generic with respect to the distribution. For five
different distributions of reinforcement particles
A: Vieor=0 & Vtip=40, B: Vieot=20 & Vtip=20, C:
Vieot=0 & Vtip:() and D: Viet=40 & Vtip:0, the
distribution of longitudinal and transverse
displacements, longitudinal stresses, shear
stresses, and effective stresses are computed
applying the proposed method. It was found that
in distribution A, the maximum longitudinal
displacement and stresses are the minimum
rather than all cases. To validate the results, the
longitudinal and transverse displacements and
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effective stress for distribution A were compared
to the finite element model. It is found that there
is good agreement between the method presented
in this study and the finite element method.

Nomenclature
T(x) Temperature field (K°)
P(x) Distributed transverse load (MPa)
L Beam length (mm)
M(x) value of the property at x point
E Modulus of Elasticity (GPa)
G Shear Modulus (GPa)
a the thermal expansion coefficient (K1)
p Density (kg/m3)
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Appendices

Appendix A
h(x)

Ay(x) = f_@E(x)dZ
he)

Ay (x) = [ o 2E(x)dz
he)

A3 () = [ i G0 dz
heo)

A, (x) = [ fo Z?E(x)dz
heo)

As() = [ i EG)a(x)dz

2

h(x)

Ag(x) = f_hTﬁ E(x)a(x)zdz

Appendix B
h(xk)

A (xF) = h(xk) E(x*)dz
h(xk)

A, (xF) = h(xk) zE (x*)dz
h(xk)

A (xF) = h(xk) G(x*)dz
h(xk)

A (xF) = h?xk) Z2E (x*)dz
h(xk)

Ag(xF) = h(xk) E(x®)a(x*)dz

’ h(xk)

Ag(xF) = f h(xk) E(x®)a(x*)zdz
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