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In this paper, a different method, incremental load technique in conjunction with dynamic
relaxation (DR) method, is employed to analyze the buckling behavior of composite plates
reinforced with functionally graded (FG) distributions of single-walled carbon nanotubes
(SWCNTs) along the thickness direction. The properties of carbon-nanotubes reinforced
composite (CNTRC) plate were determined through modified rule of mixture. The
nonlinear governing relations are obtained incrementally in the form of partial differential
equations (PDEs) based on first-order shear deformation theory (FSDT) and Von Karman
nonlinear strain. In the proposed method, for finding the critical buckling load, the
mechanical loads are applied to the CNTRC plate incrementally so that in each load step
the incremental form of PDEs are solved by the DR method combined with the finite
difference (FD) discretization technique. Finally, the critical buckling load is determined
from the load-displacement curve. In order to verify the accuracy of the present method,
the results are compared with those available in the literatures. Finally, a detailed
parametric study is carried out and results demonstrate that the change of carbon
nanotube volume fraction, plate width-to-thickness ratio, plate aspect ratio, boundary
condition and loading condition have pronounced effects on the buckling strength of
CNTRC plates. It is seen that for all types of loading, boundary conditions and both cases
of with and without presence of elastic foundation the FG-X and FG-0 have the highest and
lowest values of buckling loads.

1. Introduction

Carbon nanotubes (CNTs) have been widely
accepted owing to their remarkable mechanical,
electrical and thermal properties and the
applications of CNTs are thus drawing much
attention  currently.  Conventional fiber-
reinforced composite materials are normally
made of stiff and strong fillers with microscale
diameters embedded into various matrix phases.

The discovery of CNTs may lead to a new way
to improve the properties of resulting composites
by changing reinforcement phases to nano-scaled
fillers [1]. Carbon nanotubes are considered as a
potential candidate for the reinforcement of
polymer composites, provided that good
interfacial bonding between CNTs and polymer
and proper dispersion of the individual CNTs in
the polymeric matrix can be guaranteed [2]. Since

the load transfer between the nanotube and the
matrix is less than perfect, several
micromechanical models have been developed to
predict properties of CNT-reinforced
nanocomposites. Fidelus et al. [3] examined
thermo-mechanical properties of epoxy-based
nanocomposites with low weight fractions of
randomly oriented single- and multi-walled
carbon nanotubes with a rule-of-mixture type
prediction of the modulus. Based on the rule of
mixture, Anumandla and Gibson [4] presented a
comprehensive closed form micromechanics
model for estimating the elastic modulus of
nanotube-reinforced composites. Han and Elliot
[5] presented classical molecular dynamics (MD)
simulations to model polymer/CNT composites
constructed by embedding a single wall (10, 10)
CNT into two different amorphous polymer
matrices. The CNT-polymer interfacial shear
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strength was determined according to a series of
pull-out tests of individual carbon nanotubes
embedded within polymer matrix by Wagner et
al. [6,7], which demonstrated that carbon
nanotubes are effective in reinforcing a polymer
due to remarkably high separation stress.
Molecular dynamics (MD) simulations were
performed to predict the interfacial bonding by
considering three-dimensional cross-links and
stronger interfacial adhesion can be achieved
through functionalization of the nanotube
surface to form chemical bonding to the chains of
polymer matrix [8,9]. Another fundament issue is
the dispersion of carbon nanotubes in the matrix,
since CNTs are tend to agglomerate and entangle
because of their enormous surface area and high
aspect ratio. Amino-functionalized CNTs are
therefore developed to improve their dispersion
in polymer resins [10]. The constitutive models
and mechanical properties of carbon nanotube
polymer composites have been studied
analytically, experimentally, and numerically. A
review and comparisons of mechanical
properties of single- and multi-walled carbon
nanotube reinforced composites fabricated by
various processes were given by Coleman et al.
[11]. In actual structural applications, carbon
nanotube-reinforced composites (CNTRC), as a
type of advanced material, may be incorporated
in the form of beams, plates or shells as structural
components. It is thus of importance to explore
mechanical responses of the structures made of
CNTRC. Wuite and Adali [12] firstly used the
classical laminated beam theory to analyze
symmetric cross-ply and angle-ply laminated
beams stacked with multiple transversely
isotropic layers reinforced by CNTs based on
micromechanical constitutive models developed
according to the Mori-Tanaka method.
Vodenitcharova and Zhang [13] developed a
continuum model for pure bending of a straight
nanocomposite beam with a circular cross
section reinforced by a single-walled carbon
nanotube. Formica et al. [14] studied vibration
behaviors of cantilevered CNTRC plates by
employing an equivalent continuum model
according to the Mori-Tanaka scheme. The
buckling behaviors of laminated composite plates
reinforced by SWCNTs were investigated
analytically and numerically based on the
classical laminated plate theory and third-order
shear deformation theory, respectively, to
consider the optimized orientation of CNTs for
obtaining the highest critical load and
corresponding mode shape were calculated for
different kinds of boundary conditions as well as
aspect ratios of the plates [15]. Motivated by the
concept of functionally graded materials (FGM),
Shen [16] suggested that for CNT-based
composite structures the distributions of CNTs
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within an isotropic matrix were designed
purposefully to grade with certain rules along
desired directions for the improvement of the
mechanical properties of the structures and the
nonlinear bending behaviors of the resulting
functionally graded CNT-reinforced composite
(FG-CNTRC) plates in thermal environments
were presented. Zhu et al. [17] discovered that
CNT reinforcements distributed close to top and
bottom are more efficient than those distributed
near the mid-plane for increasing the stiffness of
CNTRC plates. Based on the Timoshenko beam
theory, non-linear free vibrations of functionally
graded CNTRC beams were analyzed with the
Ritz method and direct iterative technique by Ke
et al. [18]. They found linear and non-linear
frequencies of FG-CNTRC beam with symmetrical
distribution of CNTs are higher than those of
beams with uniform or asymmetrical distribution
of CNTs. By using a multi-scale approach, Shen
and Zhang [19] discussed thermal buckling and
post buckling behaviors of functionally graded
nanocomposite plates reinforced by SWCNTs
subjected to in-plane temperature variation. Aref
etal [20, 21] investigated Higher-Order Thermo-
Elastic Analysis of FG-CNTRC Cylindrical Vessels
Surrounded by a Pasternak Foundation and Two-
Dimensional Electro-Elastic Analysis of FG-
CNTRC Cylindrical Laminated Pressure Vessels
with Piezoelectric Layers Based on Third-Order
Shear Deformation Theory. Based on a higher
order shear deformation plate theory, nonlinear
vibration of FG-SWCNT plates rested on elastic
foundation in thermal environments was
investigated by an improved perturbation
technique [22]. Aref et al [23] investigated Effect
of characteristics and distribution of porosity on
electro-elastic analysis of laminated vessels with
piezoelectric face-sheets based on higher-order
modeling.

In the present study, a different method,
incremental load technique in conjunction with
dynamic relaxation (DR) method, is used to study
the buckling of single-walled carbon nanotube
reinforced composite plates resting on an elastic
foundation and subjected to different tensile-
compressive loads. A uniform and three kinds of
functionally graded distributions of CNTs along
the thickness direction of plate are considered.
The properties of composite material in each
point were determined by modified rule of
mixture. All governing equations were obtained
incrementally based on first order shear
deformation theory (FSTD) and Von Karman
nonlinear strains. Using the principle of
minimum potential energy, the set of coupled
nonlinear equilibrium equations was obtained in
incremental form for different boundary
conditions. The dynamic relaxation (DR) method
combined with the finite difference discretization
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technique is employed to find the critical
buckling load for simply supported and clamped
boundary conditions. To verify the present
results and formulations, some comparison
studies are carried out between the obtained
results and the available solutions in the
literature. Excellent agreement between the
obtained and available results is observed. A
detailed parametric study is carried out to
investigate the effects of volume fraction of
nanotubes, arrangement of nanotubes, width-to-
thickness ratio, elastic foundation and aspect
ratio on the buckling load of nanocomposite
plates with clamped and simply supported
boundary conditions.

2. Theoretical Formulations

2.1. Geometries of Problem

Fig. 1 shows the coordinate system, geometry
and loadings of nanocomposite plate with
different distributions of CNTs. The reinforced
composite  plates have four different
distributions of nanotubes with definite length a,
width b and thickness h.

2.2. Material  Properties of Carbon
Nanotube Reinforced Composites

In the present work, based on the modified
rule of mixture and introducing the CNT
efficiency parameters the effective material
properties (elastic modules and Poisson ratios)
of CNTRC plate can be expressed as follows [16]:

CNT

E, =nV £y +V,E, (1)

Vo V.

2 _ _ONT , m

E, EE, @
V |4

5 Venr L lm 3)

= ~CNT
GIZ G12 Gm
Where E07, EJ7, and G refer to

elasticity modulus and shear modulus of carbon
nanotubes, respectively. Also, £, and G

indicate the elasticity modulus and shear
modulus of the substrate and , :(1,2,3) is the

CNT efficiency parameters which is introduced
by Shen [16] for accounting the small-scale effect
and other effects on the material properties of

CNTRCs. The values of 1, is determined by

matching the elastic moduli of CNTRCs predicted
by the molecular dynamics (MD) simulations
with those obtained from the modified rule of

mixture in Egs. (1) - (3). Furthermore, V. and

v arevolume fractions of carbon nanotubes and
substrate, respectively, and expressed as follows:
VotV =1 (4

CNT
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(b) FG-V distribution

LTI
g

(c) FG-Vdistribution

L
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Fig. 1. Nano-composite plates subjected to various types
of loading with (a) uniform, (b) FG-V, (c) FG-0 and (d) FG-
X distributions of CNTs.

The volume fraction of the uniform and three
types of functionally graded distributions of the

carbon nanotubes is determined through
following expressions [17].
* UD-
VCNT(Z) = VCNT ((:NTRC)
27\ FG-V
Venr ()= (1 + TJVCNT EINTRC)
20, w0 ©
VCNT (Z) = 2[1 - TJVCNT E:NTRC)
2z
N il A (FG-X
VC (Z) 2( h JVCNT CNTRC)
So that
VC*NT = e
CNT CNT
P P 6
Wenr +[ P J_ (MJWCNT (6)
P P

Where W IS the mass fraction of carbon

nanotubes in composite In above

T

plate.
expressions, p™ and p“" refer to densities of
substrate and carbon nanotubes, respectively. It
is noticed that the four types of CNTRC plates

possess the same mass fraction (w .. ) and

volume of CNTs. According to the following

CNT
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relation, Poisson’s ratio,v.,, is assumed to be

12’
uniformly distributed over the thickness of the
functionally graded CNTRC plates.

_ ¥ CNT m
vy =Veyryy - +V,0

(7)

2.3. Governing equations

The first-order shear deformation theory
(FSDT) is employed to predict the displacement

T
field {u,v, W} of CNTRC plate. Based on FSDT, the
displacement field is expressed as follows [24].

ulx,»))  [uo(x,») . (x,»)
v(x,y) =1 v (5 y) p+ 24w, (x,») (8)
wix,y)]  (wo(x, ) 0

Where u,, v, and w, denote displacement
components of the mid-planeinthe x, y and z
directions, respectively. Moreover, _and v,

represent rotations of a transverse normal about
y and x axes, respectively. In order to predict

the buckling load by the DR method the
equilibrium equations should be derived in the
incremental form. Thus, all of the following
governing equations are derived in the
incremental form of variables. By assuming small
strains and moderate rotations, based on the
incremental nonlinear von Karman strain-
displacement relations, the strain components
associated with the displacement field of Eq. (8)
are expressed as follows [24]:

Oc,, ol ok,
o¢,, 5.9;, ok,
&y 1= 5;/)(; +246k,, 9)
| |7 0
) Vi 0
In which
0oy,
Oox
ok
XX 66'//
Sk, 7
aa‘//x + aél//)’
oy ox
osu, 0w, 06w, 1( 06w, ’
ox ox Ox 2 ox
adv,  w, ddw, 1(ow, :
3el, y ¥y ¥y 2\ ¥
3eY, odu, . 0dv, . odw, ow,
57,:; - oy ox ox oy (10)
57/32 +6w0 odw, N 06w, 00w,
57,;>Zy ox oy ox oy
oow, oy
oy 7
oow, + Sy,
ox
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According to the Hooke’s law, the incremental
constitutive relations are defined as follows:

{5O'XX 6o, oo, 60, EO'XZ}T =

Qu(2) Qu(2) 0 0 0

Qu(2) Qu(2) 0 0 0
0 0 Qulz) 0 0 (11)
0 0 0 Q4= o0
0 0 0 0 Q,(2)

* T
{02, 02, 7, 7, O}

In which the Qij components are defined by

E E
Q= H—, Q,, = 2,
1_1)12’)21 1_’)12’)21
v, F (12)
Q,= R e =G,y
1- L,
044 = ng ’ st = 613

In above relations, £, and £, refer to
elasticity moduli of CNTRC plate along x and y

directions, respectively. In addition, & G,, and

12’
G, denote shear moduli and v, and v, refer to
Poisson ratios. The incremental forces, moments

and shear stress resultants can be expressed by
the following expressions.

Ny| 35[0,
N, t= [{60, idz,
ON_| Mo
Xy 2 xy
élv[xx g §O-xx
M, t= [{60,, (zd, (13)
h
éMxy - 5ny
"
2 (6
ot Ll
@X 7& 50)62
2

By substituting Egs. (9) to (12) in Eq. (13), the
incremental forces, moments and shear-stress
resultants is obtained as follows

éI\Ixx All AlZ 0 5€3x

N, t=|4Ay A, O |5,

ON,, 0 0 A, 57/)‘;
(14)

Bll BIZ 0 5kxx

+ B, B, 0 {5k,

0 0 By ||sk

Xy
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éMxx Bll B12 O 58)?)(
M, t=|B, By, 0 |<8),
M,, 0 0 A 573y
(15)
Dll DlZ O 5kxx
+|Dy, Dy, 0 |45k,
0 0 D 5k,
5Q,| _| 45, 0 ||5r), (16)
5QX 0 ASSS 57/)(()2

where A, B, D and As are the extensional,
coupling, bending, and shear stiffness,
respectively, which are obtained by the following
expressions:

"
(4,,8,,D,)= J.Ql.j(l,z,zz)dz (17)
-
"
45 =k, [0,d= (18)
n

2

Where i,j=1,2,6and k_ is transverse shear

correction coefficient that assumed to be
5/(6—uv,,) along the thickness direction [17]. By
substituting Eq. (10) in Eqgs. (14) to (16), the
incremental form of stress resultants can be

obtained based on displacement field as follows:
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Using the principle of minimum total potential
energy, the equilibrium equations are obtained

based on FSDT as follows:
OON OON |
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Ox Oy
OON OON
oV - Yy P9
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5Wx : aéMXX amxy _@X =
Ox oy
' GéMxy oM W 3
oy, = > -00,=0
(20)
In which, K, and K_ are Winkler and shear
coefficients of foundation parameters,

respectively. It is noticed that incremental load
5(]0 is the transverse mechanical load and must
be removed from the third relation of Eq. (20) for
the buckling analysis. By substituting Eq. (19) in
Eq. (20), the equilibrium equations are obtained
based on displacement field as follows

0*Su, ©°w, 05w,
ox? ox*  ox
" LW, O°Sw, o, &*Sw,
+
Tox ox* ox  ox°
0%5v, N o*w, 85w,
oxdy Oxdy Oy
+A4,, 5 5
ow, 0°6w, 0ow, 0°Sw,
oy Oxdy oy Oxoy
o*su, . 0*5v, 8*ow, dw,
oy*  oxdy oxdy oy
L 05w, o*w, 0, o*w, 8w,
ox oy* oxdy oy
+Ag 5 ,
+6W0 0°ow, 076w, 06w,
ox oy oxdy oy
asw, 35w,
+ ———
ox oyt
2 o) 2 o)
+B,, 9 52/" 2 Yy + B, 9 &Q/X + 2%
ox ox0y oy ox0y
o%du, N o*w, 0Sw,
Oxoy Oxoy Ox
P ow, 8%w, | 00w, 06w,
ox Oxoy ox 0Oxdy
o%ov, 0*w, 0ow,
oy* oy* 0
+A,, 4 y v
LW, 0°5w, 06w, 05w,
ay oy oy
0*Su, N 0%dv, N 0*Sw, ow,
oxoy  ox* ox* oy
oow, &*'w, &’w, 06w,
ox oxdy oOx* oy
+Ag ' )
ow, 0°6w, 0°6w, 06w,
ox Oxoy ox* oy
06w, 0°6w,
+_—
ox Oxoy
%5 0%
+B,, o &/I 2 l’zyy +B,, o 5V/* Vzly =0
6x6y oy 8x8y ox

138

06y,

ooy,

2
Ass[a ow, |

ox*

ox
o8y,

2
+ A, o ow, +
oxoy

ow,

ox
ooy,

)

oy’

aro)
+A44[ Wo 4

Yy
ow, 06w,

2
+ A, o ow, +
oxaoy

oow,

oou,
All( 8X0 +

1
+=
2[

ow, 006w,

ox Ox

ox

J

oy

o6y,
ox

ou
A -0
11( 8)(

+B.

11

00
+4,, [ Yo |

1
=
|

y
ody,
oy

JJ

6w oow,

+B

12

ow,
ox

1( 06w,
+ —
2 oy

)

( ow,

65w

oou,
+A11[ o

6x ox 2

ow, 65W0

65w0

+B,,

+B.

12

ox

ox
0

00
+4,, [ Yo o
oy

oy,
ox

aoou
A, [ ax" +

ooV,
+4,, [60 +
v

oSy,

au,
A 0+
12[ 6X

00
+4,, [ Yo o

ox

+4,, [65"" +

oy

+B,, (6%

2
0

y

oy,
+B,; 3

+B,,

ow, 00w,

oy

l//y+B

12

ox Ox

oy oy 2
ooy,
ay

Il

ow, 0ow,

+B

22

1( 0w,
2\ ox

1( 06w,
+=
2\ ox
ow, 0dw, +1 00w,
oy

)
)

ow,
2 oy

ox 0Ox

ow, 00w,
oy

0
j+Blz( Yy

oy
00V,

}JrB12

ou,

0

o +1 oow,
20 ox

1( 06w,
4o L%
20 oy

ooy,

J)
)

+B

22

ox

0, ow, 0ow,

%
. 00w, ow,

A66
+2%

+Bg (

odu,

o0y,

ox

oy Ox
. 00w, 00w,

oy Ox ox

. aéy/yj

oy ox

ov, Ow, 8w

ox 6y

ox

oy

o*ow

] B l//x ‘//y ]
y

66v0 ow, 0ow,

+Ag »

aé‘wo ow,

+
ox 6y Ox

6§W0 aéwo

oxaoy

K, ow+K,

oy Ox

ox

[azaw

ox? 6y

oy

|

)

)

J
)

oy,
oy

J)

ooy,
ay

o*w
oxoy

0°Sw

ox*?

o*Sw
y




Zeighami & Golmakani / Mechanics of Advanced Composite Structures 8 (2021) 133-148
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2.4. Boundary Conditions

For the buckling of CNTRC plates, the
following boundary conditions are employed:

A-Clamped Support at (x = O,a) and
(r=0.0)
W:V:!//x:lr//y:()’ &\Ix:_q
(22)

w=u=y, =y,=0, ON =xg
B-Simply Support at (x = O,a) and (y = O,b)
w=v=y, =M,k =0,

w=u=y =M, =0, (23)
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3. Solution Method

Because of the effectiveness and efficiency of
dynamic relaxation (DR) method to solve highly
nonlinear problems, the DR technique in
conjunction with finite difference discretization
scheme has been employed in this study to
analyze the nonlinear differential equations of
the CNTRC plate. The DR is an explicit iterative
procedure which is employed to transfer a
boundary value problem into time-stepping
initial value problem. This aim can be achieved by
adding fictitious inertia and damping terms to the
equilibrium equations (for more details see [26-
27D):

T (&) [T {2 +[KT (%) ={F(e)'| 29
Where [M]", [C]"are fictitious mass and
damping matrices, respectively. Also, {X}", {X}"

and {F(t)}" refer to vectors of virtual speed,

acceleration and external forces at nth iteration,
respectively. In addition, {X} :{U,V,W,(//X,l//y} is

displacement vector and [1(] denotes stiffness

matrix. Dynamic relaxation iteration method is
generally unstable. So, the mass and damping
matrices should be defined to guarantee the
stability and convergence of the iterative
procedure. In order to obtain explicit solution,
matrix should be diametrical. Based on
Gershgorin theorem, mass matrix is obtained
through following expressions [27].

1 n
m, =AY |K, (25)
4 Jj=1
oP
K=" 26
oX (26)

In above expressions, P,is internal forces (the

left-hand side of the equilibrium equations (Egs.
(21)). Based on Zhang’s suggestion, the damping
coefficient can be determined according to the
following expression [27]:

¢ - 2{ {{Xn VAF(xX, )}}}i

X,)'m, Jx,

In addition, damping matrix should be
dependent to the mass matrix according to the
following expression:

[C]=c[nm] (28)

To complete the transformation process, the
velocity and acceleration terms must be replaced
with the following equivalent central finite-
difference expressions:

(27)

() = el - ey

At

(29)
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. n,l X no_ X n-1
{X} 2 :& (30)
At
By substituting Egs. (29) and (30) in Eq. (24),
the equilibrium equations can be rearranged into

an initial value format as follows:
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ox oy
2
+0N ow
ox*
2
o, (2]
ay
1 n _ 2
Wi 2 :A< Z) ! +25NX a_W
2+cAt" |\ oxdy
o’ow
+(Nxx + éT\IXX )67
o ow
+(NY)’ +m)’)’) ayZ
o’ow
+2(ny + cSNXy) oxdy
2—c/At"
—Wi
2+cAt"
wl  2AL" (oM, OM,, '
y ) 2=——"—(m; o -5
(WX )" 2+c/AL" (m") [ ox oy < l
2—Cc'At" il
+———(y, ) 2
2+c/At" (WX )’
wl 2A" 1 0M,, oM !
: 2“2 (o L ¥ _ S
R A e
2—c'At" nid
+—" [y 2
2+clAt" WY)"
(31)

By integrating the velocities at the end of each
load step, the incremental displacements can be
obtained as:

1
{6x}"" ={5X}" + At{sX}"2 (32)
Therefore, the displacement equilibrium
equations and Eqgs. (31)-(32) together with the
appropriate boundary conditions in their finite

difference forms, constitute the set of equations
for the sequential DR method. For the sake of
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brevity, the DR algorithm which is clearly
explained in [26, 27] is omitted.

In order to find the critical buckling load from
the load-displacement curve the total
displacements of each load must be computed.
For this purpose, the obtained incremental
displacements in each load step should be added
to the displacements determined from the
previous load steps as follows:

(x}"={x)"" +{sx)" (33)
This process continues till the code diverges,
and this is a sign of buckling event. Clearly,
critical buckling load is a specified load in which

a large amount of displacement is occurred
compared to the previous load steps.

4. Results and Discussion

4.1. Material Comparison study

In Table 1, the present solutions for buckling
loads of CNTRC plates with clamped and simply
supported boundary conditions and different
arrangements of CNTs and loadings are
compared with the results reported by Lei et al.
[28]. It is noted that loadings include uniaxial

compression along axis x (, =—1,7, =0), biaxial
(71 ==L, :_1)

compressive and tensile loading (71 =-1,y,= 1).

compression and biaxial

As shown in Table 1, for different load conditions,
the current solutions are in good consistency
with those of Lei et al. [28] and the reliability and
accuracy of the present formulation and results
are verified.

4.2. Parametric Study

In this section, the effects of various
parameters on the buckling behavior of FG-
CNTRC plate are presented. The material
properties of polymeric phase are taken from
[16]. Also, the elastic properties of SWCNTs in
armchair state (10 and 10) are considered as
E, =5.6466(TPa), E,, =5.0800(TPa),
G,, =1.9445(TPa) which are reported in [19].

Table 2 shows the Young modulus of CNTRC
plate in x and y directions as well as CNT
efficiency parameters nj(j=1,2,3) which are
taken from [5, 19] based on MD and modified rule
of mixture, respectively, for various values of
CNTs volume fractions. Furthermore, as reported
by Shen and Zhang [19], G, =G,,, G,, =1.2G,,
andn, =0.77,.

In the following results, the effects of
nanotubes volume fraction, distribution of
nanotubes, width-to-thickness ratio of plates and
plate geometry are investigated on the critical
buckling load of nanocomposite plates with
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clamped and simply supported boundary
conditions. In the results, the boundary
conditions are considered with all edges clamped
and simply supported which named by CCCC and
SSSS, respectively. The dimensionless buckling
load is defined by P=N_b* /E h’ and the plate

thickness is assumed with h=2mm .

Fig. 2 and Fig. 3 show the dimensionless
buckling  load of  simply supported
nanocomposite plate in terms of volume fractions
of CNTs for different distributions of CNTs,
loading states and two width-to-thickness ratios
b/h=50and b/h=10, respectively. As seen,

the FG-X and FG-O distributions have the highest
and lowest values of buckling loads, respectively,
for all loading states, CNTs distributions and
width-to-thickness ratios. Furthermore, increase
of CNTs volume fraction from 0.12 to 0.17 causes
a significant rise of buckling load for different
CNTs distributions and loading states. While,
increasing the CNTs volume fraction from 0.17 to
0.28 does not have significant effect on the
buckling load.

Considering the results for two different
width-to-thickness ratios of b/h=50 and

b/h=10 shows that increasing CNTs volume

fraction has the greater effect on the buckling
strength of nanocomposite plate. Also, it is seen
that increasing the thickness of nanocomposite
plate has the more effect on the buckling load for
FG distribution of CNTs compared to uniform
ones.

Table 1 Comparison of dimensionless buckling load
N,=N_b* / E_h® between the present study and those

of Lei [28] for different boundary conditions, loading and
CNTs distribution.

Present Lei Present Lei
study [28] study [28]
C C SS SS
) UD 25.19 25.73 13.75 14.11
TS FG-X 26.67 27.89 16.15 17.06
;';;: FG-0 22.38 21.12 10.55 9.83
FG-V  24.54 - 13.43 -
. UuD 30.95 31.10 27.82 28.47
< = FG-X 31.43 31.39 28.98 29.18
gﬁ: FG-0 27.14 27.93 25.26 24.05
FG-V 3143 - 28.98 -
, UD 9.0476 9.28 5.71 5.88
& FGX 9.54 9.65 6.19 6.44
2 FGO 8.57 8.60 5.00 4.90
FG-V 8.57 - 5.00 -

Table 2 Young’s moduli for PMMA/CNT composites
reinforced by (10, 10) tube in room temperature reported
by [5] and [19].

MD (Ref. [5]) Rule of mixture [19]

ar En Ezz En 771 Ezz 772
0.12 94.6 2.9 94.78 0.137 2.9 1.022
0.17 1389 4.9 138.68 0.142 49 1.626
0.28 2242 5.5 224.5 0.141 5.5 1.585
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Fig. 2 Effect of CNTs volume fraction on the buckling load
of FG-CNTRC plate (b / h=50) with simply supported
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boundary conditions for (a) (;/1 =-1,7, =O) ,
() (7, =-1,7,=1) and (c) (, =1, 7, =-1).
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Fig. 3 Effect of CNTs volume fraction on the buckling load
of FG-CNTRC plate ( b / h=10 ) with simply supported

boundary conditions for (a) (», =-1,7,=0),
(b) (r,=-1,7,=1) and () (y,=-1,7,=-1).

Fig. 4 and Fig. 5 consider the effect of width-
to-length ratio of FG-CNTRC plate (V,,, =0.17

and b / h=20) on the buckling load with different
loading types for clamped and simply supported
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boundary conditions, respectively. As seen, for
two loading modes of (y,=-1,7,=0) and

(7,=-1,7,=1) the buckling load decreases by

increasing the width-to-length ratio in both CCCC
and SSSS boundary conditions. Furthermore, the
decrease of buckling load is more significant for
biaxial compressive-tensile load (y, =-1,7, =1)

compared to wuniaxial compressive load
(7, =—1,7, =0). Furthermore, it is depicted that

effect of width-to-length ratio on the buckling
load of CCCC boundary condition is much less
than the SSSS one (50% decrease versus 30%
decrease by 2.5 times increase of width-to-length
ratio for different CNTs distributions). However,

for loading type of(y1 =-1,7, =0), highest and

lowest decline of dimensionless buckling load are
associated with FG-O (i.e., 42 percent) and FG-X
(i-e., 21 percent) distributions, respectively. It can
be rephrased that FG-X distribution has the
highest resistance against reduction of critical
buckling load for both of loading modes. Finally,
as shown in Fig. 4 (c) in the case of biaxial
compressive  loading  (y,=-1,7,=-1) and

clamped boundary condition, by raising the
width-to-length ratio the variation of buckling
load be completely different compared to other
loading types. For example, in clamped boundary
condition and loading type of biaxial
compression increasing the width-to-length ratio
to a specified value goes up the buckling load
significantly and more increase of this ratio does
not have considerable effect on the buckling load.

However, as illustrated in Fig. 5 (c), for SSSS
boundary condition and UD, FG-X and FG-V
distributions with growing up the width-to-
length ratio a little increase of buckling load can
be observed. Although, in SSSS case and FG-O
distribution increasing this ratio decreases the
buckling load smoothly.

In the following results, the buckling behavior
of CNT reinforced composite plate on elastic
foundation has been studied for different volume
fraction of CNTs, width-to-thickness ratios,
width-to-length ratios and two types of CCCC and
SSSS boundary conditions.

Tables 3 to 5 show the effects of elastic

foundation coefficient (KW,KS) on dimensionless
buckling load of nanocomposite plate with
thickness of h=2mm, the width-to-thickness ratio

(b/h=10) and volume fraction (V,, =0.17)
with SSSS and CCCC boundary conditions for
uniaxial compressive loading (y,=-1,7,=0),
compressive-tensile loading (y, =-1,y,=1) and
biaxial (r,=-1y,=-1),

compressive loading

respectively.
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Fig. 4 Effect of width-to-length ratio on the buckling load
of FG-CNTRC plate (b / h=20, V,,, =0.17 ) with clamped
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Table 3 Effects of Elastic Substrate (Ks and Kw) on
Dimensionless Buckling Load of Nanocomposite Plate

((h=2mm), (b/h=10) and (V;, =0.17)) and uniaxial
compressive load (;/1 =-1y, =O) .

UD FG-V FG-X FG-0

Kw K Simply Support
0 18.40 17.73 19.07 17.19
0 20 18.67 17.99 19.34 17.46
50 19.07 18.4 19.74 17.76
0 20.01 19.20 20.55 18.80
20 20 20.28 19.47 20.81 19.07
50 20.68 19.87 21.22 19.47
0 22.29 21.49 22.83 21.08
50 20 22.56 21.75 23.10 21.35
50 22.96 22.16 23.50 21.75

Clamped Support
0 34.11 34.38 35.05 31.42
0 20 34.51 34.78 35.59 31.83
50 35.05 35.45 36.12 32.36
0 36.39 36.53 37.33 32.77
20 20 36.93 36.93 37.60 33.17
50 37.33 37.60 38.27 33.71
0 39.21 39.48 30.02 34.51
50 20 39.61 39.75 40.42 34.78
50 40.15 40.42 40.96 35.32

Table. 4 Effects of Elastic Substrate (Ks and Kw) on
Dimensionless Buckling Load of Nanocomposite Plate (

(h=2mm), (b/h=10) and (V;, =0.17)) and biaxial

compressive-tensile load (}/1 =-1y,= 1) .

UD FG-V FG-X FG-0

Kw K Simply Support
0 37.8704 38.6761 385418 34.5131
0 20 38.2732 39.079  38.9447 34.7816
50 38.8104 39.7504 39.6161 35.4531
0 38.8104 39.7504 39.4818 35.1845
20 20 39.2133 40.1533  39.8847 35.5874
50 39.m7504 40.6905 40.5562 36.1245
0 40.1533 41.0934 40.8248 36.1245
50 20 40.4219 414962 41.2276  36.3931
50 41.0934 42.0334 41.7648 37.0646

Clamped Support
0 42.302 43.6449 43.2421  37.796
0 20 42.7049 44.0478 42.6449 37.1989
50  43.5106 44.7192 443164 37.7361
0 43.9135 45.2564 44.8535 37.7361
20 20 44.364 45.6593  45.2564  38.1389
50 449878 46.3307 45.9279 38.6761
0 46.1965 47.5394 47.0022  39.2133
50 20  46.5993 48.0765 47.5394 39.6161
50  47.2708 48.748 48.765  40.1533

For all types of loading, CNTs distributions
and boundary conditions the effect of Winkler
coefficient on increase of critical dimensionless
buckling load is significantly higher than shear
coefficient of the substrate(K,). As seen, for all

types of loading and both cases of with and
without presence of elastic foundation the FG-X
and FG-O have the highest and lowest values of
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buckling loads, respectively, for both SSSS and
CCCC boundary conditions.

Fig. 6 represent the effect of CNTs volume
fraction on the critical buckling load of SSSS
nano-composite plate with UD and FG
distributions for different coefficients of elastic
substrate (K, ,K,) and various types of loadings.

As seen, for both types of UD and FG
distributions of nano-composite plate with and
without presence of elastic foundation increasing
the volume fraction of CNTs from 0.12 to 0.17
causes a significant increase of buckling load.
However, by increasing the volume fraction of
CNTs from 0.17 to 0.28 the raising rate of
buckling load decreases for both types of with
and without elastic foundation and CNTs
distributions. Obviously, presence of elastic
foundation increases the buckling load and the
effect of Winkler foundation on the buckling load
is much greater than the shear coefficient of
Pasternak foundation.

Fig. 7 show the effect of width-to-thickness
ratio on the buckling load of SSSS nano-
composite plate with and without elastic
foundation and two types of UD and FG-X
distributions for loading types of (a)

(71 :_1'72:0)' (b) (7/1 :—1,}/221)31161 (C)
(;/1 =—1,5, :_1). As seen, with increase of

width-to-thickness ratio the influence of elastic
foundation on the buckling load goes up
significantly. Furthermore, the effect of CNTs
distribution on the buckling load is much greater
when the elastic foundation does not exist.

Table 5 Effects of Elastic Substrate (Ks and Kw) on
Dimensionless Buckling Load of Nanocomposite Plate

((h=2mm), (b/h=10) and (V,,, =0.17) ) and biaxial

compressive load (71 =-17, =—) .

uD FG-V FG-X FG-0

Kvw Ks Simply Support
0 7.3266 6.3801 7.7473 6.1038
0 20 7.4919 6.4573 7.8449 6.1905
50 7.7122 6.6708 8.0583 6.4040
0 8.2080 7.0977 8.592 6.8843
20 20 8.3733 7.2578 8.6987 6.9910
50 8.5936 7.4713 8.9656 7.2578
0 9.5526 8.3252 9.8728 8.1117
50 20 9.7661 8.4319 10.0863 8.2184
50  9.9262 8.6987 10.2997 8.4853

Clamped Support
0 13.0263  12.0863 134292  11.9520
0 20 13.2949 123549 13.6978  12.0863
50 13.5635 12.6234 139664  12.3549
0 13.9664 12.892 143692  12.7579
20 20 14.1007 13.1606 14.5035 12.8921
50 14.3692 13.4292 14.9064 13.2949
0 15.1750  14.1007 155779  13.8321
50 20 15.3093 14.2350 15.7122  14.1007
50 15.5779 145035 16.1151  14.3692
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Fig. 8 illustrate the effect of width-to-length
ratio on the buckling load of UD and FG-X nano-
composite plate with and without presence of
elastic foundation for loading types of (a)

(71 =-17, :0)’ (b) (71 =-17, :1)and (@
(7, =-1,5, =—1). Obviously, with increase of

aspect ratio the buckling load decreases for
both loading types of uniaxial compressive

load(y, =-1,7,=0) and compressive-tensile
load (y, =—1,7,=1) and the decrease rate is

greater in compressive-tensile loading
compared to uniaxial compressive case. But,
against the mentioned loading types, increase
of aspect ratio raises the buckling load
gradually. It is also observed that the effect of
Winkler module on the buckling load is much
greater than the shear elastic foundation.

5. Conclusions

Based on incremental load technique a new
method is presented for buckling analysis of
single-walled carbon nanotube reinforced
composite plates resting on an elastic foundation
and subjected to different tensile-compressive
loads. A uniform and three kinds of functionally
graded distributions of CNTs along the thickness
direction of plate are considered.

The properties of composite material in each
point were determined by modified rule of
mixture. All governing equations were obtained
incrementally based on first order shear
deformation theory (FSTD) and Von Karman
nonlinear strains. Using the principle of
minimum potential energy, the set of coupled
nonlinear equilibrium equations was obtained in
incremental form for different boundary
conditions. The dynamic relaxation (DR) method
combined with the finite difference discretization
technique is employed to find the critical
buckling load for simply supported and clamped
boundary conditions. Some major inferences are
as follows:

It is seen that increasing the thickness of
nanocomposite plate has the more effect on the
buckling load for FG distribution of CNTs
compared to uniform ones.

For all types of loading and both cases of with
and without presence of elastic foundation the
FG-X and FG-0 have the highest and lowest values
of buckling loads, respectively, for both SSSS and
CCCC boundary conditions.

For both types of with and without elastic
foundation, CNTs distributions and boundary
conditions, increasing the volume fraction of
CNTs from 0.12 to 0.17 causes a significant
increase of buckling load. However, by increasing
the volume fraction of CNTs from 0.17 to 0.28 the
raising rate of buckling load decreases.
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Nomenclature
ab h length, width and thickness
r of CNTRC plate
elasticity modulus and shear
Ell’EZZ’Glz y

modulus of CNTRC plate

G elasticity modulus and shear
meem modulus of matrix

elasticity modulus and shear

E

EQTESNT,GS" modulus of carbon
nanotubes
volume fractions of
V. Venr substrate and  carbon
nanotubes
Ny My s CNT efficiency parameters
mass fraction of carbon
Wenr nanotubes in composite
plate
m  _CNT densities of substrate and
PP carbon nanotubes
b O™ LT Poisson’s ratio of CNTRC
12>= ™12 plate, substrate and CNT
displacement components
uv,w in x, y and z directions,
respectively
VW displacement components
0r70r "0 of the mid-plane
rotations of transverse
Violy normal about y and x axes
Se. incremental strain
v components
So. incremental stress
Y components
0, Plane stress-reduced
4 stiffnesses
5[\]1,1,,51\/11,1 incremental i forces,
moments and shear stress
5Qy 0Q, resultants
[A]’[B]’ extensional, coupling,
[D],[AS] bending, and shear stiffness
k transverse shear correction
s coefficient
Winkler and shear
K, K. coefficients of foundation
parameters
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