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In this study, the hygrothermal flexural behavior of a nanocomposite plate reinforced with 

carbon nanotubes is analyzed. The Eshelby-Mori-Tanaka (EMT) technique, a 

micromechanical model based on two parameters, is used to calculate the nanocomposite 

plate's real mechanical properties. The model incorporates the effects of clustering. The 

virtual work notion from higher-order shear deformation theory (HSDT) is used to 

develop the governing differential equations. After that, a C0 continuous isoparametric 

Lagrangian FE model with seven nodal unknowns is used to apply the present method 

with the FEM. Creating the finite element code allows one to calculate the nanocomposite 

plate's deflection. To make sure that the method works, the results are compared to 

numerical results that have already been published. The flexural response of the 

nanocomposite plate with agglomerated carbon nanotubes (CNTs) is next analyzed by 

performing extensive parametric studies to determine the impacts of agglomeration 

degree, moisture, temperature, the volume percentage of CNTs, and various aspect ratio. 

 

1. Introduction 

The study of Iijima [1,2] enabled scientists to 
appreciate the vast potential of Carbon 
Nanotubes (CNTs) and attracted the curiosity of 
a large number of researchers who set out to find 
a practical use for CNTs that would benefit from 
them. Since their discovery, carbon nanotubes 
have been considered the ideal nanocomposite 
material for aerospace and mechanical 
engineering applications due to their excellent 
mechanical and thermal properties [3]. 
Functionally graded nanocomposite plates have 
gained popularity due to their better mechanical 
properties. Functionally graded nanocomposites 
can be used in several smart architectures [8]. 
Despite the many publications on the topic, CNT 
mechanical characteristics and characterization 
remain unsolved [4]. The literature provides 
several approaches to understand how these 
composites perform mechanically, and they are 
often employed for structural applications to 
improve dynamic response or buckling 
difficulties. Due to these considerations, CNT 

insertion into the polymeric matrix with varied 
distributions and the agglomeration effect was 
investigated. An extended Rule of Mixture [5] can 
be used to determine the mechanical properties 
of a CNT-reinforced layer with orthotropic 
properties. Alibeigloo [6,7] utilized elasticity to 
study the dynamic and thermal behavior of CNT-
based nanocomposite structures. These studies 
illustrate this methodology. Alibeigloo and Liew 
[6] and Alibeigloo [7] demonstrate these uses. 
Carbon nanotubes (CNTs) are a notable 
nanomaterial used in mechanical applications  
[9–15]. Due to their excellent mechanical, 
thermal, electrical, and physical properties, CNTs 
have many applications. Nanotechnology in 
medical, electronics, optics, and advanced 
composite materials [16–22] are examples. 

Previous research [23–26] has shown that 
including even minute numbers of carbon 
nanotubes (CNTs) into the matrix of a polymer 
composite is capable of producing sizeable gains 
in the composite's bulk mechanical 
characteristics. CNTs, on the other hand, have a 
low bending stiffness due to the large aspect 
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ratios that they possess, which makes it simple 
for them to form clusters within the polymer 
matrix. So, carbon nanotube-reinforced 
composite (CNTRC) structures often have 
nanotubes that aren't spread out evenly or are 
clumped together. This makes it harder to 
improve the composite's modulus and strength. 
When figuring out the real properties of 
nanocomposite, it is important to take into 
account how agglomerates work. Shi et al. [27] 
came up with a theory for a micromechanics 
approach that took into account the effects of 
CNTs being bent and clumped together. It was 
shown that CNT agglomerates make CNT-
reinforced composites much less stiff. Using a 
modified version of the Mori–Tanaka method. 
The authors Yu et al. [28] investigated how the 
useful properties of nanocomposites were 
affected by the morphology of the VGCNF, the 
interphase between the nanofibers and the 
matrix, and the waviness of the nanofibers. 
Pourasghar et al.[29] investigated the impact of 
CNT agglomeration on the vibrational behavior of 
cylindrical, four-parameter continuously graded 
nanocomposite panels with randomly oriented 
CNTs using 3D elasticity theory. Nejati et al. [30] 
studied the flexural and vibrational behavior of 
functionally graded nanocomposite shells by 
employing the approach of generalized 
differential quadrature. Using GDQ as a low-cost 
method to analyze rotating conical shells 
composed of composite materials was believed to 
provide a very realistic depiction of their 
operation. GDQ technique was used by the effect 
of CNT agglomeration on nanocomposite conical 
shells was investigated by Kamarian et al. [31]. 
Calculating the properties of the nanocomposite 
shell based on the concept of "equivalent fibers" 
was accomplished through the use of the two-
parameter Eshelby-Mori-Tanaka method. They 
found that the wave numbers of the fundamental 
frequencies were unaffected by the two 
agglomeration parameters, but that the natural 
frequencies were quite sensitive to the 
agglomeration parameters. It was also pointed 
out that as the number of cities grew, the natural 
frequencies went down. Recent research 
conducted by Daghigh and Daghgh [32] utilized 
analytical Navier's approach to investigate the 
size-dependent free vibration response of carbo 
nanotube reinforced nanocomposite plate that 
had nanotube clumping and polymethyl 
methacrylate (PMMA) as the matrix.  When CNT 
agglomerates were present, it was found that the 
nanoplate's natural frequencies dropped by a lot. 
The Mori-Tanaka approach was utilized by 
Nasihatgozar et al. [33] studied the influence of 
CNT volume fraction, geometrical ratios, and 
loading conditions on the buckling behavior of 
piezoelectric cylindrical carbon nanotube-

reinforced composite panels. The biaxial buckling 
[34] behavior of simply supported functionally 
graded sandwich plates with randomly dispersed 
agglomerated carbon nanotubes was 
investigated with the help of Navier's solution. In 
order to make an estimation of the qualities of the 
material, the Mori Tanaka method was utilized. 
Lei et al. [35] studied the impact of carbon 
nanotube distribution, boundary conditions, and 
geometrical factors on the nonlinear flexural 
response of FG-CNT plate using the FSDT theory 
in conjunction with the method proposed by kp-
Ritz based on element free approach. They 
discovered that the different forms of CNT 
dispersion have a significant impact on the 
nonlinear response shown by CNT-based 
composite plates. Zhang et al. [36] investigated 
the nonlinear flexural response of FG 
nanocomposite thick plates that were supported 
by a Pasternak foundation by using the improved 
moving least-squares Ritz method in conjunction 
with the modified Newton–Raphson technique. 
This research was done in a later study. It was 
discovered that the specifications of the elastic 
basis as well as the skew angle had a significant 
impact on the amount of nonlinear bending that 
the functionally graded nanocomposite plates 
displayed. Heydari et al. [37] studied the 
nonlinear bending response of FG-based 
nanocomposite plates resting on an orthotropic 
medium. This was done in a similar fashion. The 
impacts of varying patterns of single-walled 
carbon nanotube (SWCNT) distribution, CNT 
volume fractions, and elastomeric media were 
investigated by the researchers.  Mehar et al. [38] 
have looked at the vibration properties of carbon-
nanotube-reinforced polymer-based composites 
in a lot of detail, both theoretically and through 
experiments. Moghadam et al. [39] investigated 
the CNT agglomeration effect on the residual 
stresses in a fiber-reinforced nanocomposite. In 
order to estimate the residual stress that was 
caused by the thermal environment, an analytical 
solution was utilized, which was founded on the 
traditional laminate theory.  

The results of these studies established 
nonlocal theories that are applicable to a diverse 
set of structures. In the research literature, 
carbon nanotubes reinforced composite (CNTRC) 
nanoplates have been the subject of a 
comparatively small number of experiments. 
Researchers Ravari et al. [40] used Mindlin's 
strain gradient theory to conduct their research 
on functionally graded carbon nanotube-based 
composite plates. When nonlocal influences were 
taken into account, the anticipated effective 
moduli of nanoplates were found to be higher 
than those obtained through the use of classical 
(local) elasticity. Phung-Van et al. [41] employed 
an isogeometric analysis to study the effect of 
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various CNT distributions along with alterations 
to nonlocal parameter values on the static and 
dynamic behavior of a functionally graded 
nanocomposite plate. This study was conducted 
in a similar manner as the previous one. They 
found that a rise in a nonlocal parameter caused 
a reduction in natural frequencies, and they 
reported this finding. Thanh et al. [42] did an 
isogeometric study of functionally graded 
nanocomposite plates using the rule of mixtures. 
This analysis was done in order to determine how 
the length scale influences the nanoplates. They 
did this by using the same numerical technique 
while employing a modified version of the 
coupled stress theory. Mohammadimehr et al. 
[59] investigated bending, buckling, and free 
vibration behaviors of microcomposite plates 
reinforced by functionally graded single-walled 
carbon nanotube (FG-SWCNT) under hydro-
thermal environments by using third-order shear 
deformation theory (TSDT) and modified strain 
gradient theory (MSGT). Barai et al. [60] in their 
study developed a two-scale micromechanical 
model to analyze the effect of CNT agglomeration 
and interface condition on the plastic strength of 
CNT/metal composites. Shen et al. [61]  used an 
energy approach in the framework of molecular 
mechanics to evaluate the local and global 
deformations of an SWNT in a unified manner. 
The study was carried out under four loading 
conditions: axial tension, torsional moment, in-
plane biaxial tension, and in-plane pure shear, 
respectively, from which the closed-form 
expressions for the longitudinal Young’s 
modulus, major Poisson’s ratio, longitudinal 
shear, plane strain bulk, and in-plane shear 
moduli were obtained. Dai et al. [64] examined 
the hygrothermo-mechanical behaviors of a 
porous nanocomposite annular plate with varied 
thicknesses while taking CNT aggregation into 
consideration. Brischetto [65] utilizes Carrera's 
Unified Formulation (CUF) to conduct an 
investigation on the effects that hygrothermal 
stress has on the bending of multilayered 
composite plates. Mahapatra et al. [66, 67] 
examined the combined effect of thermal 
moisture on the static behavior of cylindrical 
panels and ultimately concluded that these 
conditions have a substantial impact. They used a 
micromechanical model based on nonlinear finite 
elements to achieve this result. The impacts of 
thickness ratio, lamination scheme, and support 
conditions are explored in depth under a variety 
of various sets of hygrothermal circumstances. 
Daghigh et al. [68] investigated the nonlocal 
bending and buckling behavior of agglomerated 
CNT-based nanocomposite plates resting on a 
Pasternak foundation. The flexural and buckling 
response of the nanocomposite plate with 
aggregation of CNTs was studied extensively, and 

the implications of the parameters were 
discussed. Dahiya et al. [69] presents an article on 
critical reviews of the different synthesis 
techniques of graphene-reinforced 
nanocomposites (Gr-NCs).  

The overall purpose of this review is to 
critically review the existing development in Gr-
NCs and provide a comprehensive overview of 
Gr-NCs. The review results show that by 
reinforcing graphene and its derivatives into the 
matrix, the resulting composite may enhance 
functionality and explore new NCs for various 
nanostructures. Shaikh et al. [70] studied new 
and advanced basalt-carbon epoxy hybrid 
laminated composites under static loading using 
finite element analysis and various properties of 
basalt-carbon epoxy hybrid laminated 
composites such as tensile and compression 
strength, flexure strength, interlaminar, and in-
plane shear strength were evaluated through 
different static test simulations. Finally, the 
specimens having different stack-up sequences 
and fibre orientations were analyzed for failure 
based on Tsai-Wu failure criteria using 
commercial finite element software. Dwaikat et 
al. [71] observed that the stochastic nature and 
the variability of the constituents of nano-
composites materials affect the predictability of 
their properties. Georgantzinos et al. [72] used a 
multi-scale framework for the estimation of the 
hygro-thermo-mechanical elastic performance of 
laminated composite structures with single-
walled carbon nanotube (SWCNT) inclusions. In 
this study Halpin-Tsai equations were utilized for 
the estimation of the homogenized stiffness 
characteristics of the nano-reinforced matrix, 
considering constant levels of SWCNT 
agglomeration, orientation, and waviness and 
taking into account nanoscopic size-dependent 
characteristics of SWCNTs. Finally, the 
mechanical properties of laminated composites 
reinforced by CNTs were predicted using a 
multiscale-based finite element method 
considering various hygro-thermo-mechanical 
factors. Chen et al. [73] studied the mechanical 
behavior of double-walled carbon nanotubes 
(DWCNTs)under temperature gradients and 
electrical fields based on the nonlocal reddy 
beam model, focusing on the free vibration of 
DWCNTs. Alavi et al. [74] presents the first 
application of the Meshless local Petrov-Galerkin 
(MLPG) method for 3-D elasticity analysis of 
moderately thick rectangular laminated plates. 

The majority of the earlier research made the 
assumption that the CNTs' orientations were 
linear and aligned, and they determined the 
mechanical properties of the CNTs by applying 
the rule of mixing. This was done for the sake of 
simplicity. However, these methods do not take 
into consideration wavy CNTs or agglomeration 
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of CNTs, which is quite prevalent even at low CNT 
volume fractions. Agglomeration of CNTs can be 
quite severe. 

In light of the extensive literature study that 
was presented before, it can be said that the 
current article is organized in a way that makes it 
easier to incorporate the CNTs agglomeration 
effect. It is clear that CNTs have a propensity to 
aggregate in order to achieve low-volume 
fraction distribution. If the effect that was just 
described is not taken into account, then the 
conclusions that are drawn about the structures 
that are constructed using these CNT materials 
will be incorrect. Flexural investigation of a 
CNTRC nanocomposite plate that contains 
agglomerated CNTs is presented in the current 
study. 

For the purpose of capturing the effective 
material properties of a CNT-based 
nanocomposite plate containing well-dispersed 
CNTs and CNT agglomeration, the Eshelby-Mori-
Tanaka method is utilized. The governing 
equations are established and solved by applying 
the FE method while employing Reddy's HSDT 
model. This is done by putting into practice the 
virtual work principle. Considerations of the 
effects of aggregation parameters, CNT volume 
%, temperature, moisture, and plate aspect ratio 
on the overall flexural response of 
nanocomposite plates are presented. 

2. Material Modeling 

Material modeling plays an important role in 
any structural analysis. The application of CNT-
reinforced composite structures demands to 
development of detailed modeling of the effective 
material properties of such composite at the 
macroscopic level. Because molecular dynamics 
or other atomistic models are computationally 
intensive, micromechanical methods are used to 
describe the behavior of these materials in this 
work. Material modeling of FG-CNTRC is 
presented using the Mori-Tanaka method 
considering the effect of agglomeration of CNT for 
various types of CNT distributions. 

2.1. Material Modeling of Functionally Graded 
CNT Reinforced Composite 

FG-CNTRC is assumed to consist of an 
isotropic matrix (epoxy resin) and fiber (carbon 
nanotubes), with material quality grades along 
the thickness direction of the plate according to 
the linear distribution of CNT volume fraction as 
shown in Fig. 1. 

CNT volume fractions (Vcnt) in three types of 
functionally graded nanocomposite plates are 
given as follows: 
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where,  

cntw  = mass fraction of carbon nanotubes and  

cnt  = mass density of carbon nanotube 

m  = mass density of the matrix 

The material properties can be determined 
for the linear material property fluctuation by 

putting the value of 
*

cntV into Eq. (1) for linear 

material property variation. 

 
(a) 

 
(b) 

 
(c) 

Fig. 1.  (a) Uniformly distributed CNT nanocomposite plate,  
(b) X-Shape distributed CNT nanocomposite plate, (c) O-

Shape distributed CNT nanocomposite plate [74]. 

2.2. Modeling of Nanocomposite Material 

A variety of different micromechanical 
models have been presented in order to provide 
an estimation of the material properties of the 
nanocomposite. Estimating the elastic 
characteristics of the corresponding 
fiber/polymer material is accomplished by the 
application of the Mori–Tanaka method in this 
line of investigation. 
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The equivalent inclusion average stress 
approach, also known as the Eshelby-Mori-
Tanaka method, is founded on two concepts: the 
idea of equivalent elastic inclusion developed by 
Eshelby and the concept of average stress inside 
the matrix developed by Mori-Tanaka. Together, 
these two ideas form the basis for the technique. 
The tensor of effective elastic moduli C of CNTRCs 
has been revised as follows according to 
Benveniste's [45] work: 

( )

1−
+

= + −
 
 
 

m

m cnt r m

cnt r

V I
C C V C C A

V A

 (3) 

where, 
I = fourth-order unit tensor  
Cm = matrix stiffness tensors  
Cr = equivalent fiber stiffness tensors  

The angle brackets in their overall 
configuration represent an average of all 
conceivable orientations for the inclusions Ar is 
the tensor of the concentration of dilute 
mechanical strain, and it can be calculated as 
follows: 

( )
1
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−
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where S is the Eshelby tensor of the fourth order 
as given by Eshelby and Mura [8,10]. 

Here, a single-walled carbon nanotube having 
a solid cylinder of 1.424 nm diameter with 
(10,10) chirality index [46] is used for the 
analysis.  

2.2.1. Randomly Oriented Straight CNTs Reinforced 
Composite 

Straight carbon nanotube orientation is 
defined by two Euler angles α and β, denoted by 
the arrows in Fig. 2. As a result, the base vectors 

i
e  of the global 

1 2 3
(0 )− x x x  coordinate system and 

the base vectors of 
'

i
e  the local coordinate system, 

' ' '

1 2 3
(0 )− x x x  are produced, which are related 

through the transformation matrix g, as follows: 
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It is possible to characterize the orientation 
distribution of carbon nanotubes in composites 
by a probability density function p (α, β) that 
meets the normalizing condition. 

The CNT orientation distribution in 
composites can be characterized by a probability 
density function p (α, β) that satisfies the 
normalization condition. 
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Considering the random CNT orientation, the 
density function for this case is, 
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Fig. 2. Randomly oriented, straight CNTs make up a 

representative volume element (RVE) [43]. 

The Hill's elastic moduli for the reinforcing 
phase were computed by determining the 
equivalence of the two matrices that are 
presented further down [47]: 
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where kr, lr, mr, nr, and pr represent the Hill's 
elastic moduli of the composite's reinforcing 
phase (CNTs) found by taking the inverse of the 
compliance matrix of the similar fibre. 

In order to determine the properties of the 
composite, such as EL, ET, EZ, GLT, GTZ, GTZ, and vLT, 
which may be established using the rule of 
mixture method, the first step is to determine the 
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properties of the composite by performing MD 
simulation or multiscale FEM analysis [48] on the 
nanocomposite. This can be done by simulating 
the composite on multiple scales. 

The composite is isotropic when the CNTs are 
orientated in the matrix randomly and the bulk 
modulus K and shear modulus G are derived as 
follows: 
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The matrix's bulk and shear moduli are 
denoted by Km and Gm, respectively. 
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In conclusion, the mechanical properties of 
the nanocomposites, which include E, υ, ρ, α, and 
β may be broken down into the following 
categories: 

9
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In addition, Vcnt and Vm stand for the CNT 
volume fraction and matrix, respectively, and 
ensure that the equation Vcnt + Vm = 1 is satisfied. 
In a similar way, the mass density ρ is determined 
as follows: 
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here, β and α are the coefficients of thermal and 
moisture expansion, and ∆T and ∆H are the 
thermal and moisture variations, which are given 
by T = T(z)-T0 and H = H(z)-H0. Also, T0 and H0 stand 
for the ambient temperature and humidity, which 
are both kept at 0 K and 0 wt% H2O in this case. 
Also, T(z) and H(z) show a linear change in 
temperature and moisture along the direction of 
the plate's thickness [49]: 

T(z) = Tb + ∆Ttb (0.5 + z/h) (21) 

H(z) = Hb+ ∆Htb (0.5 + z/h) (22) 

In the above equations, the subscripts t and b 
represent the top and bottom of the model, 
respectively. Next, the Ttb and Htb represent the 
difference in temperature and humidity between 
the top and bottom. Specifically, ∆Ttb = Tt -Tb and 
∆Htb = Ht - Hb stand for ∆Ttb and ∆Htb, respectively. 

2.2.2. Agglomeration of CNTs 

A large proportion of carbon nanotubes in 
carbon nanotube-reinforced composites has 
been found to be concentrated in agglomerates. 
Nanotubes agglomerate into bundles as a result 
of the van der Waals attractive interactions 
between them. After determining the material 
properties without taking into consideration the 
impact that agglomeration has, a new 
micromechanics model is developed and applied 
to a randomly oriented, agglomerated nanotube-
reinforced polymer composite in order to 
calculate the effective material properties of an 
SWCNT-reinforced polymer composite while 
including the impact of CNT agglomeration. This 
work investigates the effect of CNT aggregation 
on the elastic characteristics of the randomly 
oriented nanocomposite, and it does so by using 
a two-parameter agglomeration model.  As can be 
seen in Fig. 3, areas of concentrated nanotubes 
are regarded as inclusions because they possess 
elastic properties that are distinct from those of 
the material that surrounds them. 
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2.2.2.1. Two Parameter Agglomeration Model 

In polymer matrix, the major cause of 
agglomeration of carbon nanotubes is the small 
diameter, due to which the elastic modulus gets 
reduced and the aspect ratio increases in the 
radial direction and hence produces low bending 
strength. In order to produce CNT-reinforced 
composites with the characteristics that are 
desired, it is essential that the carbon nanotubes 
be distributed evenly throughout the matrix. 
Here, a micromechanical model has been built to 
examine the effect of agglomerated CNTs on the 
effectiveness of carbon nanotube-enhanced 
elastic modules. 

Shi et al. [27] found that a substantial number 
of CNTs are concentrated in aggregates in the 7.5 
% concentration sample. Carbon nanotubes are 
found to be unevenly distributed in the substrate, 
with a few areas having CNT concentrations 
larger than the average volume fraction. As 
illustrated in Fig. 3, these areas containing 
concentrated carbon nanotubes are considered 
spherical in this section and are referred to as 
'inclusions' having a mix of varying elasticity 
characteristics from the surrounding material.  

 
Fig. 3. Representative volume element (RVE)  

with CNTs agglomeration 

The entire volume Vr of CNTs contained in the 
RVE can be split into two portions, which are as 
follows: 

= +inclusion m

r r rV V V  (23) 

where  
inclusion

r
V = volumes of CNT dispersed in the 

inclusions 
m

r
V  = volumes of CNT dispersed in the matrix 

To understand clearly the effect of carbon 
nanotube agglomeration, two parameters are 

introduced as ξ, and ζ. 

,
inclusion inclusion

r r

r

V V

V V
 = =  (24) 

where,  
inclusion

r
V = volume of the RVE's sphere 

inclusions. 

In this case,ξrepresents the volume fraction 
of inclusions in relation to the RVE's total volume 
V. Whenever ξ is equal to one, CNTs are assumed 
to be equally dispersed across the matrix, and as 
the value of ξ decreases, the degree of 
agglomeration of carbon nanotubes becomes 
more severe (Fig. 5). The parameter ζ 
represents the volume ratio of the CNTs to the 
overall volume of the nanotubes scattered in 
inclusions. When the value ζ is 1, it is presumed 
that all of the CNTs are clustered in spherical 
regions. 

This is true if all nanotubes are dispersed 
evenly (i.e., ζ=ξ) throughout the matrix. As the 

value of ζ increases (i.e., ζ>ξ), the CNTs' 
spatial distribution becomes more. Vcnt is an 
abbreviation that stands for the average CNT 
volume fraction found in the composite. 

r
cnt

V
V

V
=

 
(25) 

The carbon nanotube volume fractions in the 
inclusions and the matrix are calculated using 
Eqs. (23)-(25), and they are expressed as 




=

inclusion

r

cntinclusion

V
V

V
 (26) 





−
=

− −

(1 )

1

m

cntr

inclusion

VV

V V
 (27) 

 
Fig. 4. ζ=ξ=1  (Without agglomeration) [75] 

 
Fig. 5. ζ=1,ξ<ζ (Complete agglomeration) [75] 

 
Fig. 6. ζ<ξ,ξ<ζ  (Partial agglomeration) [75] 

As a result, the Composite reinforced with 
carbon nanotubes is viewed as a system made up 
of sphere-shaped inclusions embedded in a 
hybrid matrix. CNTs can be found in both the 
matrix as well as in the inclusions also. Hence to 
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compute the composite system's overall property 
first we have to individually estimate the effective 
elastic properties of both inclusions and matrix 
respectively. 

Different micromechanics methods can be 
used to calculate the effective modulus of 
elasticity of the hybrid inclusions and matrix. 
Assuming that all CNT orientations are 
completely random, and the nanotubes are 
transversely isotropic, the Mori-Tanaka method 
is used to estimate the hybrid matrix's elastic 
moduli, as stated in the preceding section. It is 
expected that the carbon nanotubes are arranged 
in a random manner within the inclusions, and 
thus the inclusions are isotropic. Where, Kin and 
Kout represent the effective bulk moduli, while Gin 
and Gout are the effective shear moduli of the 
inclusions and matrix. 

( )
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3
cnt r m r

in m

cnt cnt r

V K
K K

V V

  

  

−
= +

− +
 (28) 

( )

( )

(1 ) 3

3 1 (1 ) (1 )

out m

cnt r m r

cnt cnt r

K K

V K

V V

  

   

= +

− −

 − − − + − 

 
(29) 

( )
( )

2

2
cnt r m r

in m

cnt cnt r

V G
G G

V V

  

  

−
= +

− +
 (30) 

( )

( )

(1 ) 2

2 1 (1 ) (1 )

out m

cnt r m r

cnt cnt r

G G

V G

V V

  

   

= +

− −

 − − − + − 

 
(31) 

Following that, the composite's effective bulk  
and shear modulus are computed using the 
method proposed by Mori-Tanaka as follows: 
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where, 

3 2
,
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3(1 ) 15(1 )

out out
out

out out

out out

out out

K G
v

K G

v v

v v
 

 −
=  

+ 

+ −
= =

− −

 
(34) 

In the final step, Eq. (16) is used to determine 
the young's modulus of nanocomposite material.  

3. Formulation  

3.1. In a plane, strains, and displacement fields 

The FGM plate's geometry used in this 
analysis is shown in Fig. 7. The center of the FG 
plate serves as the reference point. Plates are 
simply supported along their four edges, with 
a = b for the square plate. a/h=10 is the aspect 
ratio taken into account between the x-edge and 
thickness. 

It is possible to make use of the higher-order 
shear deformation theory proposed by Reddy 
[50] in order to provide an explanation for in-
plane displacement variations of u and v as well 
as the transverse displacement w throughout the 
thickness of the plate. 
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where  

uo, vo, wo = mid-plane displacements of a 
point along the (x, y, z) 
coordinates. 

θx , θy = bending rotations in the x and 
y directions. 

γx , γy = assumed shear rotations in the 
x and y directions. 

The following definition should be used to 
describe the relationship between the strain 
component and the strain displacement: 
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The overall strain in terms of mechanical 
strain, moisture- strain, and thermal strain is as 
follows: 

       m     = + +  (37) 

where  

{ɛm} = mechanical strain 

{ɛα} = thermal strain 

{ɛβ} = moisture strain 

Finally, mechanical strain can be expressed in 
terms of global strain as 

    =[ ]
m

H  (38) 

where {𝜺} is a function of the two dimensions 
(x,y), and [H] is a function of the third dimension 
(z). Additionally, thermal stress may be stated as  

 
Fig. 7. Geometry of the FGCNT Plate 
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Moisture (i.e., hygro) strain due to moisture 
change is given by 
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in which ∆T and ∆C are the change of 
temperature/moisture concentration with 
respect to reference temperature/moisture 
concentration. 

Hence to combine Eqs. (38), (39), and (40), 
the total strain can be expressed as, 

       
 

   = + +[ ]H  (41) 

3.2. Constitutive Relationship 

The following is an illustration of the 
relationship between stress and strain for FGM: 

    Q =  (42) 

where, constitutive matrix 
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(43) 

where, 

∆T = (T-To) = difference of applied 
and reference temperature. 

∆C = (C-Co) = difference in moisture 
concentration to reference 
moisture concentration. 

α = The coefficient of thermal 
expansion or contraction owing 
to temperature. 

β = coefficient of expansion or 
contraction owing to moisture. 

In Eq. (43) the term Qij are derived from the 
material properties, depending on the plate's 
depth(z) as shown below in Eq. (44). 
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E z
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(44) 

3.3. Virtual Work in FGCNT Plate 

The FGM plate's virtual work may be 
expressed as 

   
T

U dxdydz  =   (45) 

The Eq. (45) shown before can be rewritten 
using the Eq. (42) as follows: 

      = 
T

U Q dxdydz  (46) 

The following equation can be extended 
further using Eq. (40) as follows: 

         = 
T T

U H Q H dxdydz  (47) 

In Eq. (46) the matrix [Q] represents the 
constitutive matrix with elasticity derived from 
the constituent’s elastic properties as given in Eq. 
(43). While [H] represents the 5 x 15 order matrix 
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and includes the terms z and h as described 
below: 
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Finally, we can rewrite Eq. (47) as 

    
T

U D dxdy  =   (49) 

where matrix [D] represents the rigidity matrix 
vector. For which the corresponding expression 
is given in Eq. (50) shown below. 

      
2

2

h

T

h

D H Q H dz

−

=   (50) 

4. Finite Element Formulation 

4.1. Element Description 

Figure 8 illustrates the isoparametric 
Lagrangian element's geometry with nine nodes 
used in the analysis. In this element, there is a 
total of sixty-three degrees of freedom because 
each node has seven degrees of freedom (u, v, w, 
ϴx, ϴy, γx and γy). In the x-y plane co - ordinate 
system, this element has a rectangular geometry 
that is completely arbitrary. The element is 
transferred to the ξ-η plane in order to get a 
rectangular geometry.  

 

Fig. 8. Nine Node Isoperimetric Element  
with node numbering 

The following shape functions are applied to 
this nine-node element: 
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(51) 

The nine shape functions listed above can be 
used to establish a relationship between strain 
and displacement. The vector of a strain can be 
expressed in the following way: 

     = B X  (52) 

The nodal displacement vector for the 
selected element is represented by matrix [X] in 
Eq. (52) whereas matrix [B] is known as a strain-
displacement matrix having the order 15 x 7 and 
involves the derivatives of shape function terms. 
Both matrices can be expressed as follows: 

   =
1 2 3 4 5 6 7 8 9

B B B B B B B B B B  

   =
1 2 3 4 5 6 7 8 9

X X X X X X X X X X  
(53) 

4.2. Governing Equations Used for Flexural 
Analysis 

For the static analysis of the FGCNT plate, the 
following equation provides the governing 
equation. The variation of the strain vector can be 
expressed as follows using Eq. (54). 

     = B X  (54) 

By combining Eqs. (49) and (54), the 
following expression can be obtained. 

 
    ( ) 

( )[ ] [ ]
 

 +
 =
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B D B dxdy X
U X
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(55) 

In the following form, the stiffness matrix, 
denoted by [K], as well as the nodal thermal 
vector, denoted by [Pt], can be stated by utilizing 
Eq. 55. 

      
T

K B D B dxdy=   (56) 

 = [ ] [ ]
T

t t
P B F dxdy  (57) 
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5. Numerical Results & Discussion 

In this section, many numerical examples 
were studied for the hygrothermal behavior of 
functionally graded nanocomposite plates with 
different distributions of carbon nanotube  
(Fig. 1). It has been done by considering various 
agglomeration stages as shown in Fig. (4)–(6). 
This section is separated into two distinct 
sections. The first phase involves a convergence 
study and validation of the current formulation 
for isotropic plates [52] with varying aspect 
ratios, as no solution exists for the current 
problem. After confirming the effectiveness of the 
current formulation, the second step investigates 
the impacts of various agglomeration stages on 
the nondimensional central deflection of the 
plate. In all the above phases, here only simply 
supported boundary conditions with different 
CNT distributions are investigated considering 
three stages of agglomeration (Fig. 4) as (without 
agglomeration case), (complete agglomeration 
case) and (partial agglomeration case) are 
investigated.  

The properties of SWCNT (10,10) are listed in 
Table 1. The matrix substance employed in this 
situation has the following elastic characteristics: 
Em = 2.5 GPa, υm = 0.3, ρm = 1150 kg/m3, and Table 
1 lists the material characteristics of the 
reinforcement. The UD, FG-X, and FG-O type 
reinforcement distributions with various levels 
of agglomeration testing were taken into 
consideration. Here, 7.5% CNT value is taken into 
consideration, which is a significant number of 
carbon nanotubes. 
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Fig. 9 Young's modulus for various agglomeration levels 

 and CNT volume fractions 

First, before the verification and convergence 
study the mechanical properties were verified 
with the experimental work done by Odegard et 
al. [63] and presented in Fig. 9. It is clear, as can 
be seen by examining Fig. 9, that the Eshelby-
Mori-Tanaka scheme proposed by Shi et al. [27] 

for the estimation of material properties and the 
results generated by Odegard et al. [63] are very 
close for the prediction of mechanical properties. 
The result produced by the EMT approach for the 

agglomeration parameter ξ= 0.4 corresponding 

to ζ=1 (resembles the complete agglomeration 

behavior) is plotted in Fig. 9 with good 
agreement. The material for the matrix is used as 
Em = 0.85 GPa and υm = 0.3, combined with the 
CNT properties given in Table 1 using the EMT 
approach to calculate overall mechanical 
properties for the analysis.  The results generated 
here show at the value of parameter ξ= 1 the rise 
in Young's modulus as a function of volume 
percent is greater than any other modulus. 
However, as the value of ξ drops, the severity of 
the agglomeration effect causes an increase in 
mechanical properties that does not correspond 
to the expected increase in CNT volume fraction. 
This is due to the projected increase in 
mechanical characteristics. Figure 9 itself is self-
explanatory and at the highest values of Young’s 
modulus, both agglomeration parameters are 
considered equal values. Additionally, it is easy to 

see that the variation of the parameter ξ has a 

greater effect on mechanical properties than the 

variation of the other parameter ζ. After a 

thorough study of the effect of two agglomeration 

parameters (ζ&ξ) on overall elastic properties, 

three different stages of agglomeration are 
generated in the next section to understand the 
free vibration behavior of square plate with three 
types of CNT distribution patterns. 

The static analysis of a functionally graded 
nanocomposite plate with varying distributions 
of carbon nanotubes (shown in Figure 1) has 
been carried out in this part by taking into 
account the various stages of agglomeration, 
which are depicted in Fig. (4) through Fig. (6). 
This section is separated into two distinct 
sections. The first phase involves a convergence 
study and validation of the current formulation 
for isotropic plates with varying aspect ratios, as 
no solution exists for the current problem. The 
conclusion is reported solely for the situation of 
uniformly distributed thermal load. After 
confirming the effectiveness of the current 
formulation, the second step investigates the 
impacts of various agglomeration stages on the 
central deflections and axial and transverse 
stresses of the plate. In all the above phases, only 
simply supported boundary conditions with 
different CNT distributions are investigated 
considering three stages of agglomeration (Fig.4) 
as 𝜁=𝜉=1 (without agglomeration case), 𝜁=1, 𝜉<𝜁 
(complete agglomeration case) and 𝜁<𝜉 , 𝜉<𝜁 
(partial agglomeration case) are investigated. 
The properties of SWCNT (10,10) are listed in 
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Table 1. The matrix material used as Em = 2.1 GPa, 
υm = 0.34. A value of 𝑣𝑐𝑛𝑡∗ =0.075 is considered with 

a concentration value of 7.5 %, which is a large 
number of carbon nanotubes [64]. 

Table 1. CNTRC material properties [51] 
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PMMA 1150 2.5 20 45 2.6 0.93 

CNT 1400 5646.6 3 3.45 - - 

5.1. Validation: 

The isotropic plate has dimensions as a = b. 
The coordinate system's origins (x, y, and z) are 
set to the plate's mid-plane (i.e., z = 0). For 
isotropic plates having E = 210 GPa, υ = 0.3, and 
αx = αy the Convergence study and with shown in 
Table 2. Several thickness ratios (h/a) are 
evaluated assuming the edges are simply 
supported. According to the results of the 
convergence investigation, a 16 x 16 mesh is 
sufficient for thermal analysis when using the 
current isoparametric Lagrangian element with 
nine nodes. As a result, for all subsequent 
examples involving agglomerated functionally 
graded plates, a 16 x 16 mesh is used. The non-
dimensional parameters for deflection at the 

centre point considered are: 
2

0
/

x
w w T b h= .  

The results are compared to those of Shinde et 
al., which are based on the hyperbolic shear 
deformation theory and investigated using the FE 
method. For various plate ratios (h/a) as 0.2, 0.1, 
and 0.05, the present results are compared, and 
very close agreements are noted between the 
results obtained from the two approaches. 

After verification of the present model, the 
primary goal of this research was to see the effect 
of agglomeration with various CNT distributions 
(Fig. 1) on a deflection at the center point of the 
simply supported square plate, which is 
presented in the next section. 

5.2. Flexural Response of Simply Supported 
Square Plate under Various Combinations 
of Hygrothermal Environments 

In the current study, the flexural behavior of a 
square plate under a hygrothermal environment 
having simply supported boundary condition 
(Fig. 7) is evaluated using the nine-noded 
isoparametric Lagrangian element with 16 x 16 
mesh division with various agglomeration 
schemes namely, (i). square plate without 
agglomeration effect (ξ=ζ=1), (ii). Square plate 
with complete agglomeration effect (ζ=1,ξ<ζ), 
(iii) square plate with partial agglomeration 
effect (ζ<ξ,ξ<ζ). To study the flexural behavior of 
three types of CNT distributions through the 
thickness, various values of ζ & ξare taken, and 
the results are plotted for non-dimensional 
central deflections in Fig. 10-15. To understand 
the behavior for the complete agglomeration 
stage corresponding to other higher values of ζ it 
is observed that when ξ= 0.15 is verified from 
ζ = 1, a greater degree of agglomeration occurs. 

5.2.1 New Results for Agglomerated FG-CNTRs 
Square Plate under Hygrothermal 
Environment 

agglomerated CNT-reinforced functionally 
graded plate results from the increased 
limitations at the boundary. Since the present 
study is based on the agglomeration effect of CNT, 
it can be seen through the result given in Table 
(3)-(8) for three stages of CNT agglomeration by 
varying the two-agglomeration parameters ζ & ξ. 
Figures (10)–(15) show how the non-
dimensional central deflection of the 
nanocomposite plate is affected by the 
temperature, the amount of moisture, and the 
combination of both. It has been shown that the 
central deflection rises when either the 
temperature or the moisture concentration 
increases, and it also increases when both of 
these variables increase simultaneously. When 
simply the influence of moisture is examined, the 
rise is at its smallest, but it is greatest when 
thermal conditions are taken into account. 

 

Table 2. A Comparison of the transverse displacements w of a square isotropic plate with different aspect ratios 

 when it is subjected to a uniformly distributed thermal load. 

No of 
Element 

Reference [52] 
(h/a =0.2) 

Present 
(h/a=0.2) 

Refer [52] 
(h/a =0.1) 

Present 
(h/a=0.1) 

Reference [52] 
(h/a =0.05) 

Present 
(h/a=0.05) 

2 x 2 - 0.4505 - 0.7880 - 1.0505 
4 x 4 - 0.4771 - 0.9465 - 1.8329 
6 x 6 - 0.4785 - 0.9555 - 1.8988 
8 x 8 - 0.4787 - 0.9570 - 1.9102 
10 x 10 - 0.4788 - 0.9574 - 1.9133 
12 x 12 - 0.4788 - 0.9575 - 1.9144 
14 x 14 - 0.4788 - 0.9576 - 1.9149 
16 x 16 0.4789 0.4788 0.9579 0.9576 1.9157 1.9151 
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5.2.2  Hygro-thermal Analysis without 
Agglomeration Effect 

In this section agglomeration effect of CNT is not 
considered (ζ=ξ). The result presented in Table 

(3) is for without agglomeration effect of CNT 
with simply supported boundary conditions and 
various aspect ratios. 

Table 3. Comparison of the central deflection w  for the simply supported rectangular FG plates under three different combinations 

of hygrothermal loading with various aspect ratios along with varying CNT percentage (Without Agglomeration Effect): 

CNT Pattern b/h 
SSSS SSSS SSSS 

∆T = 0, ∆C = 10% ∆T = 100, ∆C = 0% ∆T = 100, ∆C = 10% 

𝑣𝑐𝑛𝑡
∗ =0.05, ζ=0.25, ξ=0.25 

UD 

2 1.03E-03 1.24E-04 1.15E-03 
5 6.41E-03 7.73E-04 7.18E-03 
10 2.56E-02 3.09E-03 2.87E-02 
20 1.03E-01 1.24E-02 1.15E-01 

FG-X 

2 1.01E-03 1.20E-04 1.13E-03 
5 6.33E-03 7.53E-04 7.08E-03 
10 2.53E-02 3.01E-03 2.83E-02 
20 1.01E-01 1.21E-02 1.13E-01 

FG-O 

2 1.08E-03 1.36E-04 1.21E-03 
5 6.71E-03 8.48E-04 7.55E-03 
10 2.68E-02 3.39E-03 3.02E-02 
20 1.07E-01 1.35E-02 1.21E-01 

𝑣𝑐𝑛𝑡
∗ =0.075, ζ=0.25, ξ=0.25 

UD 

2 1.01E-03 1.20E-04 1.13E-03 
5 6.33E-03 7.53E-04 7.08E-03 
10 2.53E-02 3.01E-03 2.83E-02 
20 1.01E-01 1.20E-02 1.13E-01 

FG-X 

2 1.00E-03 1.18E-04 1.12E-03 
5 6.28E-03 7.39E-04 7.02E-03 
10 2.51E-02 2.96E-03 2.81E-02 
20 1.00E-01 1.18E-02 1.12E-01 

FG-O 

2 1.04E-03 1.28E-04 1.17E-03 
5 6.51E-03 7.99E-04 7.31E-03 
10 2.60E-02 3.19E-03 2.92E-02 
20 1.04E-01 1.28E-02 1.17E-01 

𝑣𝑐𝑛𝑡
∗ =0.1, ζ=0.25, ξ=0.25 

UD 

2 1.01E-03 1.19E-04 1.13E-03 
5 6.29E-03 7.42E-04 7.03E-03 
10 2.52E-02 2.97E-03 2.81E-02 
20 1.01E-01 1.19E-02 1.12E-01 

FG-X 

2 9.99E-04 1.17E-04 1.12E-03 
5 6.25E-03 7.32E-04 6.98E-03 
10 2.50E-02 2.93E-03 2.79E-02 
20 1.00E-01 1.17E-02 1.12E-01 

FG-O 

2 1.03E-03 1.24E-04 1.15E-03 
5 6.42E-03 7.76E-04 7.20E-03 
10 2.57E-02 3.10E-03 2.88E-02 
20 1.03E-01 1.24E-02 1.15E-01 

𝑣𝑐𝑛𝑡
∗ =0.2, ζ=0.25, ξ=0.25 

UD 

2 9.97E-04 1.16E-04 1.11E-03 
5 6.23E-03 7.27E-04 6.96E-03 
10 2.49E-02 2.91E-03 2.78E-02 
20 9.97E-02 1.16E-02 1.11E-01 

FG-X 

2 9.93E-04 1.15E-04 1.11E-03 
5 6.21E-03 7.22E-04 6.93E-03 
10 2.48E-02 2.89E-03 2.77E-02 
20 9.94E-02 1.16E-02 1.11E-01 

FG-O 

2 1.01E-03 1.19E-04 1.13E-03 
5 6.29E-03 7.42E-04 7.03E-03 
10 2.51E-02 2.97E-03 2.81E-02 
20 1.01E-01 1.19E-02 1.12E-01 

𝑣𝑐𝑛𝑡
∗ =0.3, ζ=0.25, ξ=0.25 

UD 

2 9.94E-04 1.16E-04 1.11E-03 
5 6.21E-03 7.22E-04 6.93E-03 
10 2.48E-02 2.89E-03 2.77E-02 
20 9.94E-02 1.16E-02 1.11E-01 

FG-X 

2 9.92E-04 1.15E-04 1.11E-03 
5 6.20E-03 7.19E-04 6.92E-03 
10 2.48E-02 2.88E-03 2.77E-02 
20 9.92E-02 1.15E-02 1.11E-01 
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FG-O 

2 1.00E-03 1.17E-04 1.12E-03 
5 6.24E-03 7.31E-04 6.98E-03 
10 2.50E-02 2.92E-03 2.79E-02 
20 9.99E-02 1.17E-02 1.12E-01 

𝑣𝑐𝑛𝑡
∗ =0.4 ζ=0.25, ξ=0.25 

UD 

2 9.92E-04 1.15E-04 1.11E-03 
5 6.20E-03 7.20E-04 6.92E-03 
10 2.48E-02 2.88E-03 2.77E-02 
20 9.92E-02 1.15E-02 1.11E-01 

FG-X 

2 9.91E-04 1.15E-04 5.00E+00 
5 6.19E-03 7.17E-04 6.91E-03 
10 2.48E-02 2.87E-03 2.76E-02 
20 9.91E-02 1.15E-02 1.11E-01 

FG-O 

2 9.96E-04 1.16E-04 1.11E-03 
5 6.22E-03 7.25E-04 6.95E-03 
10 2.49E-02 2.90E-03 2.78E-02 
20 9.95E-02 1.16E-02 1.11E-01 

𝑣𝑐𝑛𝑡
∗ =0.5 ζ=0.25, ξ=0.25 

UD 

2 9.92E-04 1.15E-04 1.11E-03 
5 6.20E-03 7.18E-04 6.92E-03 
10 2.48E-02 2.87E-03 2.77E-02 
20 9.92E-02 1.15E-02 1.11E-01 

FG-X 

2 9.91E-04 1.15E-04 1.11E-03 
5 6.19E-03 7.16E-04 6.91E-03 
10 2.48E-02 2.87E-03 2.76E-02 
20 9.91E-02 1.15E-02 1.11E-01 

FG-O 

2 9.94E-04 1.16E-04 1.11E-03 
5 6.21E-03 7.22E-04 6.93E-03 
10 2.48E-02 2.89E-03 2.77E-02 
20 9.94E-02 1.15E-02 1.11E-01 

 
5.2.3 Hygro-thermal Analysis under Complete 

Agglomeration Effect 

This section discusses the complete 
agglomeration effect, which is based on the 
assumption that all of the CNTs have accumulated 
in the inclusion that has a spherical shape. Here, 
in this section three types of combinations for ζ & 
ξ are considered for the analysis of this particular 
agglomeration stage. As we can see from Table  
(6) – (8) as the parameter ξincreases from 0.15 to 
0.75 corresponding to ζ=1, the stage where ξis 
equal to 0.15 means all CNTs are presented in the 
matrix as circular clusters have less stiffness as 

compared to  = 0.75 stage. The stage ζ=1 and  

ξ= 0.15 represents the worst case of the 
agglomeration stage. Next, as the value of ξ 
reaches towards ζ the CNTs which are present in 
stage 1 in a cluster will try to free from cluster 
effect by uniform mixing with the surrounding 
matrix. Overall, from Table (6) to Table (8) it can 
easily be understood that case 3 where ζ=1 and  
ξ= 0.75 shows a higher value of nondimensional 
central deflection as compared to the other two 
stages under complete agglomeration effect.  

According to the findings of the study, the 
elasticity of the material would be impacted more 
by the agglomeration of carbon nanotubes in 
proportion to the degree to which the values of 
the agglomeration parameters differed from one 
another. The same explanation can also be 
understood by glancing at the illustration that is 
labeled Fig. (9). The difference in the 
nondimensional central deflection is quite 
significant when contrasted with the responses of 

other cases of complete agglomeration. The 
difference between the two groups of findings is 
rather substantial when measured against the 
flexural response that was acquired in the section 
before this one without the agglomeration stage. 
Table (4)-(6) shows the nondimensional central 
deflections for three different cases of complete 
agglomeration, taking into account the three 
distinct CNT dispersion patterns along the 
direction of the plate's thickness. From the table, 
we can see that in all instances of total 
agglomeration, the FG-O has the worst 
hygrothermal flexural behavior compared with 
relation to the other CNT distributions that are 
now in the same condition of total agglomeration. 

When taken as a whole, it is possible to state 
that, for a stage that has been entirely 
agglomerated, the three CNT distributions that 
are being investigated will have lower central 
deflection if the distribution is more 
heterogeneous. It is possible to arrive at the 
conclusion that the FG-X distribution 
demonstrates superior hygrothermal behavior in 
addition to the level of agglomeration because 
CNTs are distributed in regions with higher 
bending stress. 

From Table (4)-(5) it could be understood 
that as ξ increases the flexural response under 
hygrothermal environment shows a higher value 
which shows that the agglomeration or clustering 
of CNT has a beneficial effect as represented in 
Fig. (18)-(22). Table 4 which is for the worst case 
of agglomeration (Case-1) shows a lesser value as 
compared to other higher values of ξ.  
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5.2.4 Hygro-thermal Analysis under Partial 
Agglomeration Effect 

Similarly, we can conclude the partial 
agglomeration effect in which some CNTs are 
present in cluster form and some CNTs are 
present in the matrix. In this partial 
agglomeration stage, two types of agglomeration 
stages were considered for the study in which ζ & 
ξ will have two different values to create a partial 
agglomeration stage. In the first stage where ζ = 

0.25 and ξ= 0.4 by assuming the maximum 
number of CNTs are present in the cluster form 
some CNTs will present in the matrix, while in the 
second stage, ζ = 0.75 and ξ = 0.4 is used to show 
that maximum number of CNTs are present in 
matrix and only little percentage of CNTs are 
forming clusters of CNT. Comparing both stages 
reveals that their behavior with respect to 
nondimensional central deflection is nearly 
identical. 

Table 4. Comparison of the central deflection w  for the simply supported rectangular FG plates  under three different  

combinations of hygrothermal loading with various aspect ratios along with varying CNT percentage  
(Complete Agglomeration Case-1): 

CNT Pattern b/h 
SSSS SSSS SSSS 

∆T = 0, ∆C = 10% ∆T = 100, ∆C = 0% ∆T = 100, ∆C = 10% 

𝑣𝑐𝑛𝑡
∗ =0.05, ζ=1, ξ=0.15 

UD 

2 1.01E-03 1.22E-04 1.13E-03 

5 6.31E-03 7.61E-04 7.07 E-03 

10 2.52E-02 3.04E-03 2.83E-02 

20 1.01E-01 1.22E-02 1.13E-01 

FG-X 

2 9.99E-04 1.19E-04 1.12 E-03 

5 6.25E-03 7.47E-04 7.00 E-03 

10 2.50E-02 2.99E-03 2.80E-02 

20 1.00E-01 1.20E-02 1.12E-01 

FG-O 

2 1.09E-03 1.42E-04 1.23E-03 

5 6.79E-03 8.79E-04 7.67E-03 

10 2.72E-02 3.51E-03 3.07 E-02 

20 1.09E-01 1.40E-02 1.23E-01 

𝑣𝑐𝑛𝑡
∗ =0.075, ζ=1, ξ=0.15 

UD 

2 9.96E-04 1.18E-04 1.11E-03 

5 6.23E-03 7.40E-04 6.97 E-03 

10 2.49E-02 2.96E-03 2.79 E-02 

20 9.96E-02 1.18E-02 1.11E-01 

FG-X 

2 9.89E-04 1.17E-04 1.11E-03 

5 6.19E-03 7.31E-04 6.92E-03 

10 2.47E-02 2.92E-03 2.77E-02 

20 9.90E-02 1.17E-02 1.11E-01 

FG-O 

2 1.05E-03 1.32E-04 1.18E-03 

5 6.55E-03 8.20E-04 7.37E-03 

10 2.62E-02 3.28E-03 2.95E-02 

20 1.05E-01 1.31E-02 1.18E-01 

𝑣𝑐𝑛𝑡
∗ =0.1, ζ=1, ξ=0.15 

UD 

2 9.89E-04 1.17E-04 1.11E-03 

5 6.18E-03 7.30E-04 6.91E-03 

10 2.47E-02 2.92E-03 2.77E-02 

20 9.89E-02 1.17E-02 1.11E-01 

FG-X 

2 9.84E-04 1.15E-04 1.10E-03 

5 6.15E-03 7.23E-04 6.88E-03 

10 2.46E-02 2.89E-03 2.75E-02 

20 9.85E-02 1.16E-02 1.10E-01 

FG-O 

2 1.03E-03 1.27E-04 1.16E-03 

5 6.43E-03 7.90E-04 7.22E-03 

10 2.57E-02 3.16E-03 2.89E-02 

20 1.03E-01 1.26E-02 1.15E-01 
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𝑣𝑐𝑛𝑡
∗ =0.2, ζ=1, ξ=0.15 

UD 

2 9.79E-04 1.14E-04 1.09E-03 

5 6.12E-03 7.14E-04 6.83E-03 

10 2.45E-02 2.86E-03 2.73E-02 

20 9.79E-02 1.14E-02 1.09E-01 

FG-X 

2 9.76E-04 1.14E-04 1.09E-03 

5 6.10E-03 7.11E-04 6.82E-03 

10 2.44E-02 2.84E-03 2.73E-02 

20 9.77E-02 1.14E-02 1.09E-01 

FG-O 

2 1.00E-03 1.19E-04 1.12E-03 

5 6.24E-03 7.45E-04 6.99E-03 

10 2.50E-02 2.98E-03 2.80E-02 

20 9.99E-02 1.19E-02 1.12E-01 

𝑣𝑐𝑛𝑡
∗ =0.3, ζ=1, ξ=0.15 

UD 

2 9.76E-04 1.13E-04 1.09E-03 

5 6.10E-03 7.09E-04 6.81E-03 

10 2.44E-02 2.84E-03 2.72E-02 

20 9.76E-02 1.13E-02 1.09E-01 

FG-X 

2 9.74E-04 1.13E-04 1.09E-03 

5 6.09E-03 7.07E-04 6.79E-03 

10 2.44E-02 2.83E-03 2.72E-02 

20 9.74E-02 1.13E-02 1.09E-01 

FG-O 

2 9.90E-04 1.17E-04 1.11E-03 

5 6.18E-03 7.29E-04 6.91E-03 

10 2.47E-02 2.92E-03 2.76E-02 

20 9.89E-02 1.17E-02 1.11E-01 

𝑣𝑐𝑛𝑡
∗ =0.4, ζ=1, ξ=0.15 

UD 

2 9.74E-04 1.13E-04 1.09E-03 

5 6.09E-03 7.06E-04 6.79E-03 

10 2.43E-02 2.83E-03 2.72E-02 

20 9.74E-02 1.13E-02 1.09E-01 

FG-X 

2 9.73E-04 1.13E-04 1.09E-03 

5 6.08E-03 7.05E-04 6.78E-03 

10 2.43E-02 2.82E-03 2.71E-02 

20 9.73E-02 1.13E-02 1.09E-01 

FG-O 

2 9.85E-04 1.16E-04 1.10E-03 

5 6.15E-03 7.22E-04 6.87E-03 

10 2.46E-02 2.89E-03 2.75E-02 

20 9.84E-02 1.15E-02 1.10E-01 

𝑣𝑐𝑛𝑡
∗ =0.5, ζ=1, ξ=0.15 

UD 

2 9.73E-04 1.13E-04 1.09E-03 

5 6.08E-03 7.05E-04 6.79E-03 

10 2.43E-02 2.82E-03 2.71E-02 

20 9.73E-02 1.13E-02 1.09E-01 

FG-X 

2 9.72E-04 1.13E-04 1.08E-03 

5 6.08E-03 7.03E-04 6.78E-03 

10 2.43E-02 2.81E-03 2.71E-02 

20 9.72E-02 1.13E-02 1.08E-01 

FG-O 

2 9.81E-04 1.15E-04 1.10E-03 

5 6.13E-03 7.17E-04 6.85E-03 

10 2.45E-02 2.87E-03 2.74E-02 

20 9.81E-02 1.15E-02 1.10E-01 
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Table 5. Comparison of the central deflection w  for the simply supported rectangular FG plates  under three different 

combinations of hygrothermal loading with various aspect ratios along with varying CNT percentage  
(Complete Agglomeration Case-2): 

CNT Pattern a/h 
SSSS SSSS SSSS 

∆T = 0, ∆C = 10% ∆T = 100, ∆C = 0% ∆T = 100, ∆C = 10% 

𝑣𝑐𝑛𝑡
∗ =0.05, ζ=1, ξ=0.45 

UD 

2 1.02E-03 1.23E-04 1.14E-03 

5 6.35E-03 7.66E-04 7.12E-03 

10 2.54E-02 3.06E-03 2.85E-02 

20 1.02E-01 1.23E-02 1.14E-01 

FG-X 

2 1.01E-03 1.20E-04 1.13E-03 

5 6.29E-03 7.51E-04 7.04E-03 

10 2.52E-02 3.00E-03 2.82E-02 

20 1.01E-01 1.20E-02 1.13E-01 

FG-O 

2 1.09E-03 1.41E-04 1.23E-03 

5 6.80E-03 8.75E-04 7.67E-03 

10 2.72E-02 3.50E-03 3.07E-02 

20 1.09E-01 1.40E-02 1.23E-01 

𝑣𝑐𝑛𝑡
∗ =0.075, ζ=1, ξ=0.45 

UD 

2 1.00E-03 1.19E-04 1.12E-03 

5 6.27E-03 7.45E-04 7.02E-03 

10 2.51E-02 2.98E-03 2.81E-02 

20 1.00E-01 1.19E-02 1.12E-01 

FG-X 

2 9.96E-04 1.17E-04 1.11E-03 

5 6.23E-03 7.35E-04 6.96E-03 

10 2.49E-02 2.94E-03 2.79E-02 

20 9.97E-02 1.18E-02 1.11E-01 

FG-O 

2 1.05E-03 1.32E-04 1.19E-03 

5 6.57E-03 8.20E-04 7.39E-03 

10 2.63E-02 3.28E-03 2.96E-02 

20 1.05E-01 1.31E-02 1.18E-01 

𝑣𝑐𝑛𝑡
∗ =0.1, ζ=1, ξ=0.45 

UD 

2 9.96E-04 1.18E-04 1.11E-03 

5 6.23E-03 7.35E-04 6.96E-03 

10 2.49E-02 2.94E-03 2.78E-02 

20 9.96E-02 1.18E-02 1.11E-01 

FG-X 

2 9.91E-04 1.16E-04 1.11E-03 

5 6.20E-03 7.28E-04 6.92E-03 

10 2.48E-02 2.91E-03 2.77E-02 

20 9.92E-02 1.16E-02 1.11E-01 

FG-O 

2 1.04E-03 1.27E-04 1.16E-03 

5 6.46E-03 7.92E-04 7.25E-03 

10 2.58E-02 3.17E-03 2.90E-02 

20 1.03E-01 1.27E-02 1.16E-01 

𝑣𝑐𝑛𝑡
∗ =0.2, ζ=1, ξ=0.45 

UD 

2 9.86E-04 1.15E-04 1.10E-03 

5 6.16E-03 7.19E-04 6.88E-03 

10 2.47E-02 2.88E-03 2.75E-02 

20 9.86E-02 1.15E-02 1.10E-01 

FG-X 

2 9.84E-04 1.14E-04 1.10E-03 

5 6.15E-03 7.16E-04 6.86E-03 

10 2.46E-02 2.86E-03 2.75E-02 

20 9.84E-02 1.15E-02 1.10E-01 

FG-O 

2 1.01E-03 1.20E-04 1.13E-03 

5 6.28E-03 7.49E-04 7.03E-03 

10 2.51E-02 3.00E-03 2.81E-02 

20 1.01E-01 1.20E-02 1.12E-01 

𝑣𝑐𝑛𝑡
∗ =0.3, ζ=1, ξ=0.45 

UD 
2 9.83E-04 1.14E-04 1.10E-03 

5 6.14E-03 7.14E-04 6.86E-03 
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10 2.46E-02 2.86E-03 2.74E-02 

20 9.83E-02 1.14E-02 1.10E-01 

FG-X 

2 9.81E-04 1.14E-04 1.09E-03 

5 6.13E-03 7.12E-04 6.84E-03 

10 2.45E-02 2.85E-03 2.74E-02 

20 9.81E-02 1.14E-02 1.10E-01 

FG-O 

2 9.97E-04 1.18E-04 1.11E-03 

5 6.22E-03 7.34E-04 6.96E-03 

10 2.49E-02 2.94E-03 2.78E-02 

20 9.96E-02 1.17E-02 1.11E-01 

𝑣𝑐𝑛𝑡
∗ =0.4, ζ=1, ξ=0.45 

UD 

2 9.81E-04 1.14E-04 1.09E-03 

5 6.13E-03 7.12E-04 6.84E-03 

10 2.45E-02 2.85E-03 2.74E-02 

20 9.81E-02 1.14E-02 1.09E-01 

FG-X 

2 9.80E-04 1.14E-04 1.09E-03 

5 6.12E-03 7.10E-04 6.83E-03 

10 2.45E-02 2.84E-03 2.73E-02 

20 9.80E-02 1.14E-02 1.09E-01 

FG-O 

2 9.92E-04 1.16E-04 1.11E-03 

5 6.19E-03 7.27E-04 6.92E-03 

10 2.48E-02 2.91E-03 2.77E-02 

20 9.91E-02 1.16E-02 1.11E-01 

𝑣𝑐𝑛𝑡
∗ =0.5, ζ=1, ξ=0.45 

UD 

2 9.80E-04 1.14E-04 1.09E-03 

5 6.13E-03 7.10E-04 6.84E-03 

10 2.45E-02 2.84E-03 2.73E-02 

20 9.80E-02 1.14E-02 1.09E-01 

FG-X 

2 9.79E-04 1.13E-04 1.09E-03 

5 6.12E-03 7.09E-04 6.83E-03 

10 2.45E-02 2.83E-03 2.73E-02 

20 9.79E-02 1.13E-02 1.09E-01 

FG-O 

2 9.88E-04 1.16E-04 1.10E-03 

5 6.18E-03 7.22E-04 6.90E-03 

10 2.47E-02 2.89E-03 2.76E-02 

20 9.79E-04 1.13E-04 1.09E-03 

Table 6. Comparison of the central deflection w  for the simply supported rectangular FG plates  under three different 

combinations of hygrothermal loading with various aspect ratios along with varying CNT percentage  
(Complete Agglomeration Case-3): 

CNT Pattern b/h 
SSSS SSSS SSSS 

∆T = 0, ∆C = 10% ∆T = 100, ∆C = 0% ∆T = 100, ∆C = 10% 

𝑣𝑐𝑛𝑡
∗ =0.05, ζ=1, ξ=0.75 

UD 

2 1.02E-03 1.23E-04 1.14E-03 
5 6.38E-03 7.70E-04 7.15E-03 
10 2.55E-02 3.08E-03 2.86E-02 
20 1.02E-01 1.23E-02 1.14E-01 

FG-X 

2 1.01E-03 1.20E-04 1.13E-03 
5 6.32E-03 7.53E-04 7.07E-03 
10 2.53E-02 3.01E-03 2.83E-02 
20 1.01E-03 1.20E-02 1.13E-01 

FG-O 

2 1.08E-03 1.39E-04 1.22E-03 
5 6.76E-03 8.64E-04 7.62E-03 
10 2.70E-02 3.45E-03 3.05E-02 
20 1.08E-01 1.38E-02 1.22E-01 

𝑣𝑐𝑛𝑡
∗ =0.075, ζ=1, ξ=0.75 

UD 

2 1.01E-03 1.20E-04 1.13E-03 
5 6.30E-03 7.49E-04 7.05E-03 
10 2.52E-02 3.00E-03 2.82E-02 
20 1.01E-01 1.20E-02 1.13E-01 

FG-X 

2 1.00E-03 1.18E-04 1.12E-03 
5 6.26E-03 7.38E-04 6.99E-03 
10 2.50E-02 2.95E-03 2.80E-02 
20 1.00E-01 1.18E-02 1.12E-01 
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FG-O 

2 1.05E-03 1.31E-04 1.18E-03 
5 6.56E-03 8.13E-04 7.37E-03 
10 2.62E-02 3.25E-03 2.95E-02 
20 1.05E-01 1.30E-02 1.18E-01 

𝑣𝑐𝑛𝑡
∗ =0.1, ζ=1, ξ=0.75 

UD 

2 1.00E-03 1.18E-04 1.12E-03 
5 6.26E-03 7.39E-04 7.00E-03 
10 2.50E-02 2.96E-03 2.80E-02 
20 1.00E-01 1.18E-02 1.12E-01 

FG-X 

2 9.95E-04 1.17E-04 1.11E-03 
5 6.23E-03 7.30E-04 6.96E-03 
10 2.49E-02 2.92E-03 2.78E-02 
20 9.96E-02 1.17E-02 1.11E-01 

FG-O 

2 1.03E-03 1.27E-04 1.16E-03 
5 6.46E-03 7.88E-04 7.25E-03 
10 2.58E-02 3.15E-03 2.90E-02 
20 1.03E-01 1.26E-02 1.16E-01 

𝑣𝑐𝑛𝑡
∗ =0.2, ζ=1, ξ=0.75 

UD 

2 9.91E-04 1.16E-04 1.11E-03 
5 6.20E-03 7.23E-04 6.92E-03 
10 2.48E-02 2.89E-03 2.77E-02 
20 9.91E-02 1.16E-02 1.11E-01 

FG-X 

2 9.88E-04 1.15E-04 1.10E-03 
5 6.18E-03 7.19E-04 6.90E-03 
10 2.47E-02 2.88E-03 2.76E-02 
20 9.88E-02 1.15E-02 1.10E-01 

FG-O 

2 1.01E-03 1.20E-04 1.13E-03 
5 6.30E-03 7.50E-04 7.05E-03 
10 2.52E-02 3.00E-03 2.82E-02 
20 1.01E-01 1.20E-02 1.13E-01 

𝑣𝑐𝑛𝑡
∗ =0.3, ζ=1, ξ=0.75 

UD 

2 9.88E-04 1.15E-04 1.10E-03 
5 6.17E-03 7.18E-04 6.89E-03 
10 2.47E-02 2.87E-03 2.76E-02 
20 9.88E-02 1.15E-02 1.10E-01 

FG-X 

2 9.86E-04 1.14E-04 1.10E-03 
5 6.16E-03 7.15E-04 6.88E-03 
10 2.46E-02 2.86E-03 2.75E-02 
20 9.86E-02 1.14E-02 1.10E-01 

FG-O 

2 1.00E-03 1.18E-04 1.12E-03 
5 6.25E-03 7.36E-04 6.99E-03 
10 2.50E-02 2.94E-03 2.79E-02 
20 1.00E-01 1.18E-02 1.12E-01 

𝑣𝑐𝑛𝑡
∗ =0.4, ζ=1, ξ=0.75 

UD 

2 9.86E-04 1.14E-04 1.10E-03 
5 6.16E-03 7.15E-04 6.88E-03 
10 2.46E-02 2.86E-03 2.75E-02 
20 9.86E-02 1.14E-02 1.10E-01 

FG-X 

2 9.84E-04 1.14E-04 1.10E-03 
5 6.15E-03 7.13E-04 6.87E-03 
10 2.46E-02 2.85E-03 2.75E-02 
20 9.84E-02 1.14E-02 1.10E-01 

FG-O 

2 9.96E-04 1.17E-04 1.11E-03 

5 6.22E-03 7.29E-04 6.95E-03 

10 2.49E-02 2.92E-03 2.78E-02 

20 9.95E-02 1.17E-02 1.11E-01 

𝑣𝑐𝑛𝑡
∗ =0.5, ζ=1, ξ=0.75 

UD 

2 9.85E-04 1.14E-04 1.10E-03 
5 6.16E-03 7.13E-04 6.87E-03 
10 2.46E-02 2.85E-03 2.75E-02 
20 9.85E-02 1.14E-02 1.10E-01 

FG-X 

2 9.84E-04 1.14E-04 1.10E-03 
5 6.15E-03 7.12E-04 6.86E-03 
10 2.46E-02 2.85E-03 2.74E-02 
20 9.84E-02 1.14E-02 1.10E-01 

FG-O 

2 9.93E-04 1.16E-04 1.11E-03 
5 6.20E-03 7.25E-04 6.93E-03 
10 2.48E-02 2.90E-03 2.77E-02 
20 9.92E-02 1.16E-02 1.11E-01 
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Table 7. Comparison of the central deflection w  for the simply supported rectangular FG plates  under three different 

combinations of hygrothermal loading with various aspect ratios along with varying CNT percentage 
 (Partial Agglomeration Case-1): 

CNT Pattern b/h 
SSSS SSSS SSSS 

∆T = 0, ∆C = 10% ∆T = 100, ∆C = 0% ∆T = 100, ∆C = 10% 

𝑣𝑐𝑛𝑡
∗ =0.05, ζ=0.25, ξ=0.4 

UD 

2 1.03E-03 1.24E-04 1.15E-03 

5 6.41E-03 7.73E-04 7.18E-03 

10 2.56E-02 3.09E-03 2.87E-02 

20 1.03E-01 1.24E-02 1.15E-01 

FG-X 

2 1.01E-03 1.20E-04 1.13E-03 

5 6.33E-03 7.53E-04 7.09E-03 

10 2.53E-02 3.01E-03 2.83E-02 

20 1.01E-01 1.21E-02 1.13E-01 

FG-O 

2 1.08E-03 1.36E-04 1.21E-03 

5 6.71E-03 8.49E-04 7.56E-03 

10 2.68E-02 3.39E-03 3.02E-02 

20 1.07E-01 1.36E-02 1.21E-01 

𝑣𝑐𝑛𝑡
∗ =0.075, ζ=0.25, ξ=0.4 

UD 

2 1.01E-03 1.20E-04 1.13E-03 

5 6.33E-03 7.53E-04 7.08E-03 

10 2.53E-02 3.01E-03 2.83E-02 

20 1.01E-01 1.20E-02 1.13E-01 

FG-X 

2 1.00E-03 1.18E-04 1.12E-03 

5 6.28E-03 7.39E-04 7.02E-03 

10 2.51E-02 2.96E-03 2.81E-02 

20 1.00E-01 1.18E-02 1.12E-01 

FG-O 

2 1.04E-03 1.28E-04 1.17E-03 

5 6.51E-03 8.00E-04 7.31E-03 

10 2.61E-02 3.20E-03 2.92E-02 

20 1.04E-01 1.28E-02 1.17E-01 

𝑣𝑐𝑛𝑡
∗ =0.1, ζ=0.25, ξ=0.4 

UD 

2 1.01E-03 1.19E-04 1.13E-03 

5 6.29E-03 7.42E-04 7.03E-03 

10 2.52E-02 2.97E-03 2.81E-02 

20 1.01E-01 1.19E-02 1.13E-01 

FG-X 

2 9.99E-04 1.17E-04 1.12E-03 

5 6.25E-03 7.32E-04 6.98E-03 

10 2.50E-02 2.93E-03 2.79E-02 

20 1.00E-01 1.17E-02 1.12E-01 

FG-O 

2 1.03E-03 1.24E-04 1.15E-03 

5 6.42E-03 7.76E-04 7.20E-03 

10 2.57E-02 3.10E-03 2.88E-02 

20 1.03E-01 1.24E-02 1.15E-01 

𝑣𝑐𝑛𝑡
∗ =0.2, ζ=0.25, ξ=0.4 

UD 

2 9.97E-04 1.16E-04 1.11E-03 

5 6.23E-03 7.27E-04 6.96E-03 

10 2.49E-02 2.91E-03 2.78E-02 

20 9.97E-02 1.16E-02 1.11E-01 

FG-X 

2 9.94E-04 1.15E-04 1.11E-03 

5 6.21E-03 7.22E-04 6.93E-03 

10 2.49E-02 2.89E-03 2.77E-02 

20 9.94E-02 1.16E-02 1.11E-01 

FG-O 

2 1.01E-03 1.19E-04 1.13E-03 

5 6.29E-03 7.42E-04 7.03E-03 

10 2.51E-02 2.97E-03 2.81E-02 

20 1.01E-01 1.19E-02 1.12E-01 

𝑣𝑐𝑛𝑡
∗ =0.3, ζ=0.25, ξ=0.4 

UD 
2 9.94E-04 1.16E-04 1.11E-03 

5 6.21E-03 7.22E-04 6.94E-03 
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10 2.49E-02 2.89E-03 2.77E-02 

20 9.94E-02 1.16E-02 1.11E-01 

FG-X 

2 9.92E-04 1.15E-04 1.11E-03 

5 6.20E-03 7.19E-04 6.92E-03 

10 2.48E-02 2.88E-03 2.77E-02 

20 9.92E-02 1.15E-02 1.11E-01 

FG-O 

2 1.00E-03 1.17E-04 1.12E-03 

5 6.25E-03 7.31E-04 6.98E-03 

10 2.50E-02 2.92E-03 2.79E-02 

20 9.99E-02 1.17E-02 1.12E-01 

𝑣𝑐𝑛𝑡
∗ =0.4, ζ=0.25, ξ=0.4 

UD 

2 9.93E-04 1.15E-04 1.11E-03 

5 6.20E-03 7.20E-04 6.92E-03 

10 2.48E-02 2.88E-03 2.77E-02 

20 9.93E-02 1.15E-02 1.11E-01 

FG-X 

2 9.91E-04 1.15E-04 1.11E-03 

5 6.20E-03 7.17E-04 6.91E-03 

10 2.48E-02 2.87E-03 2.77E-02 

20 9.91E-02 1.15E-02 1.11E-01 

FG-O 

2 9.96E-04 1.16E-04 1.11E-03 

5 6.22E-03 7.25E-04 6.95E-03 

10 2.49E-02 2.90E-03 2.78E-02 

20 9.96E-02 1.16E-02 1.11E-01 

𝑣𝑐𝑛𝑡
∗ =0.5, ζ=0.25, ξ=0.4 

UD 

2 9.92E-04 1.15E-04 1.11E-03 

5 6.20E-03 7.19E-04 6.92E-03 

10 2.48E-02 2.87E-03 2.77E-02 

20 9.92E-02 1.15E-02 1.11E-01 

FG-X 

2 9.87E-04 1.14E-04 1.10E-03 

5 6.17E-03 7.14E-04 6.88E-03 

10 2.47E-02 2.86E-03 2.75E-02 

20 9.87E-02 1.14E-02 1.10E-01 

FG-O 

2 9.94E-04 1.16E-04 1.11E-03 

5 6.21E-03 7.22E-04 6.93E-03 

10 2.48E-02 2.89E-03 2.77E-02 

20 9.94E-02 1.15E-02 1.11E-01 

Table 8. Comparison of the central deflection w  for the simply supported rectangular FG plates  under three different 

combinations of hygrothermal loading with various aspect ratios along with varying CNT percentage  
(Partial Agglomeration Case-2): 

CNT Pattern b/h 
SSSS SSSS SSSS 

∆T = 0, ∆C = 10% ∆T = 100, ∆C = 0% ∆T = 100, ∆C = 10% 

𝑣𝑐𝑛𝑡
∗ =0.05, ζ=0.75, ξ=0.4 

UD 

2 1.02E-03 1.24E-04 1.15E-03 
5 6.40E-03 7.72E-04 7.18E-03 
10 2.56E-02 3.09E-03 2.87E-02 
20 1.02E-01 1.24E-02 1.15E-01 

FG-X 

2 1.01E-03 1.20E-04 1.13E-03 
5 6.33E-03 7.53E-04 7.08E-03 
10 2.53E-02 3.01E-03 2.83E-02 
20 1.01E-01 1.21E-02 1.13E-01 

FG-O 

2 1.08E-03 1.37E-04 1.22E-03 
5 6.73E-03 8.54E-04 7.58E-03 
10 2.69E-02 3.41E-03 3.03E-02 
20 1.08E-01 1.36E-02 1.21E-01 

𝑣𝑐𝑛𝑡
∗ =0.075, ζ=0.75, ξ=0.4 

UD 

2 1.01E-03 1.20E-04 1.13E-03 
5 6.33E-03 7.52E-04 7.08E-03 
10 2.53E-02 3.01E-03 2.83E-02 
20 1.01E-01 1.20E-02 1.13E-01 

FG-X 

2 1.00E-03 1.18E-04 1.12E-03 
5 6.28E-03 7.39E-04 7.02E-03 
10 2.51E-02 2.96E-03 2.81E-02 
20 1.00E-01 1.18E-02 1.12E-01 
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FG-O 

2 1.05E-03 1.29E-04 1.17E-03 
5 6.53E-03 8.03E-04 7.33E-03 
10 2.61E-02 3.21E-03 2.93E-02 
20 1.04E-01 1.28E-02 1.17E-01 

𝑣𝑐𝑛𝑡
∗ =0.1, ζ=0.75, ξ=0.4 

UD 

2 1.01E-03 1.19E-04 1.12E-03 
5 6.29E-03 7.42E-04 7.03E-03 
10 2.52E-02 2.97E-03 2.81E-02 
20 1.01E-01 1.19E-02 1.12E-01 

FG-X 

2 1.00E-03 1.17E-04 1.12E-03 
5 6.25E-03 7.33E-04 6.98E-03 
10 2.50E-02 2.93E-03 2.79E-02 
20 1.00E-01 1.17E-02 1.12E-01 

FG-O 

2 1.03E-03 1.25E-04 1.15E-03 
5 6.43E-03 7.78E-04 7.21E-03 
10 2.57E-02 3.11E-03 2.88E-02 
20 1.03E-01 1.24E-02 1.15E-01 

𝑣𝑐𝑛𝑡
∗ =0.2, ζ=0.75, ξ=0.4 

UD 

2 9.97E-04 1.16E-04 1.11E-03 
5 6.23E-03 7.27E-04 6.96E-03 
10 2.49E-02 2.91E-03 2.78E-02 
20 9.97E-02 1.16E-02 1.11E-01 

FG-X 

2 9.94E-04 1.15E-04 1.11E-03 
5 6.21E-03 7.22E-04 6.94E-03 
10 2.49E-02 2.89E-03 2.77E-02 
20 9.94E-02 1.16E-02 1.11E-01 

FG-O 

2 1.01E-03 1.19E-04 1.13E-03 
5 6.29E-03 7.43E-04 7.03E-03 
10 2.52E-02 2.97E-03 2.81E-02 
20 1.01E-01 1.19E-02 1.13E-01 

𝑣𝑐𝑛𝑡
∗ =0.3, ζ=0.75, ξ=0.4 

UD 

2 9.94E-04 1.16E-04 1.11E-03 
5 6.21E-03 7.22E-04 6.94E-03 
10 2.49E-02 2.89E-03 2.77E-02 
20 9.94E-02 1.16E-02 1.11E-01 

FG-X 

2 9.92E-04 1.15E-04 1.11E-03 
5 6.20E-03 7.19E-04 6.92E-03 
10 2.48E-02 2.88E-03 2.77E-02 
20 9.92E-02 1.15E-02 1.11E-01 

FG-O 

2 1.00E-03 1.17E-04 1.12E-03 
5 6.25E-03 7.32E-04 6.98E-03 
10 2.50E-02 2.93E-03 2.79E-02 
20 9.99E-02 1.17E-02 1.12E-01 

𝑣𝑐𝑛𝑡
∗ =0.4, ζ=0.75, ξ=0.4 

UD 

2 9.93E-04 1.15E-04 1.11E-03 
5 6.21E-03 7.20E-04 6.93E-03 
10 2.48E-02 2.88E-03 2.77E-02 
20 9.93E-02 1.15E-02 1.11E-01 

FG-X 

2 9.91E-04 1.15E-04 1.11E-03 
5 6.20E-03 7.17E-04 6.91E-03 
10 2.48E-02 2.87E-03 2.77E-02 
20 9.91E-02 1.15E-02 1.11E-01 

FG-O 

2 9.97E-04 1.16E-04 1.11E-03 
5 6.23E-03 7.26E-04 6.95E-03 
10 2.49E-02 2.90E-03 2.78E-02 
20 9.96E-02 1.16E-02 1.11E-01 

𝑣𝑐𝑛𝑡
∗ =0.5, ζ=0.75, ξ=0.4 

UD 

2 9.92E-04 1.15E-04 1.11E-03 
5 6.20E-03 7.19E-04 6.92E-03 
10 2.48E-02 2.87E-03 2.77E-02 
20 9.92E-02 1.15E-02 1.11E-01 

FG-X 

2 9.90E-04 1.15E-04 1.10E-03 
5 6.19E-03 7.16E-04 6.91E-03 
10 2.48E-02 2.86E-03 2.76E-02 
20 9.90E-02 1.15E-02 1.10E-01 

FG-O 

2 9.95E-04 1.16E-04 1.11E-03 
5 6.22E-03 7.23E-04 6.94E-03 
10 2.49E-02 2.89E-03 2.78E-02 
20 9.94E-02 1.16E-02 1.11E-01 
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Figure (10)-(15) is plotted to understand how 
CNT percentage affects the flexural response 
under a hygrothermal environment. Here as the 
CNT percentage increases the behavior is almost 
the same. The analysis results show that in all 
three combinations of hygrothermal loading the 
case where ∆T = 100 and ∆C = 0% shows the 
worst flexural response as deflection is higher 
compared to the other two cases as ∆T = 0 and  
∆C = 10 % & ∆T = 100 and ∆C = 10 %. The 
reference temperature and moisture coefficient 
are assumed to be zero in the analysis. The effect 
can be clearly understood from the stress 
diagram shown in Fig. (23)-(28), plotted against 
the thickness of the plate. The variation of in-
plane normal and transverse stress shows that at 
the bottom there is no stress as compared to the 
top surface (as per Eq. 21 & 22). 
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Fig. 10. Central deflection (�̅�)  vs 𝑣𝑐𝑛𝑡

∗  under various 
combinations of Hygrothermal Effect  

(b/h =10, ζ=1, ξ=0.15). 
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Fig. 11. Central deflection (�̅�)  vs 𝑣𝑐𝑛𝑡
∗  under various 

combinations of Hygrothermal Effects 
 (b/h =10, ζ=1, ξ=0.45). 
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Fig. 12. Central deflection (�̅�)  vs 𝑣𝑐𝑛𝑡

∗  under various 
combinations of Hygrothermal Effects  

 (b/h =10, ζ=1, ξ=0.75). 
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Fig. 13. Central deflection (�̅�)  vs 𝑣𝑐𝑛𝑡

∗  under various 
combinations of Hygrothermal Effects 

 (b/h=10, ζ=0.25, ξ=0.4). 
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Fig. 14. Central deflection (�̅�)  vs 𝑣𝑐𝑛𝑡

∗  under various 
combinations of Hygrothermal Effects  

 (b/h=10, ζ=0.75, ξ=0.4). 
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Fig. 15. Central deflection (�̅�)  vs 𝑣𝑐𝑛𝑡
∗  under various 

combinations of Hygrothermal Effects 
(b/h =10, ζ=0.25, ξ=0.25). 
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Fig. 16. Central deflection (�̅�)  vs  ξ under various 

combinations of Hygrothermal Effects 
 for 𝑣𝑐𝑛𝑡

∗ =0.05 & b/h = 10. 
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Fig. 17. Central deflection (�̅�)  vs  ξ under various 

combinations of Hygrothermal Effects 
 for 𝑣𝑐𝑛𝑡

∗  = 0.1 & b/h = 10. 
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Fig. 18. Central deflection (�̅�)  vs  ξ under various 

combinations of Hygrothermal Effects 
 for 𝑣𝑐𝑛𝑡

∗  =0.075 & b/h = 10. 
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Fig. 19. Central deflection (�̅�)  vs  ξ under various 

combinations of Hygrothermal Effects 
 for 𝑣𝑐𝑛𝑡

∗  = 0.2 & b/h = 10. 
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Fig. 20. Central deflection (�̅�)  vs  ξ under various 

combinations of Hygrothermal Effects 
 for 𝑣𝑐𝑛𝑡

∗  = 0.3 & b/h = 10. 
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Fig. 21. Central deflection (�̅�) vs  ξ under various 

combinations of Hygrothermal Effects  
for 𝑣𝑐𝑛𝑡

∗  = 0.4 & b/h = 10 
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Fig. 22. Central deflection (�̅�)  vs  ξ under various 

combinations of Hygrothermal Effects 
 for 𝑣𝑐𝑛𝑡

∗  = 0.5 & b/h = 10 

-0.04

-0.02

0.00

0.02

0.04

-2.5x107 -2.0x107 -1.5x107 -1.0x107 -5.0x106 0.0

p
la

te
 t
h
ic

k
n
e
s
s
 (

h
)

xx,yy

 T=0, C=10 (=1,=0.15)

 T=100, C=0(=1,=0.15)

 T=100, C=10(=1,=0.15)

 T=0, C=10 (=1,=0.45)

 T=100, C=0(=1,=0.45)

 T=100, C=10 (=1,=0.45)

 T=0, C=10 (=1,=0.75)

 T=100, C=0 (=1,=0.75)

 T=100, C=10 (=1,=0.75)

 T=0, C=10 (=0.25,=0.4)

 T=100, C=0 (=0.25,=0.4)

 T=100, C=10 (=0.25,=0.4)

 T=0, C=10 (=0.75,=0.4)

 T=100, C=0 (=0.75,=0.4)

 T=100, C=10 (=0.75,=0.4)

 T=0, C=10 (=0.25,=0.25)

 T=100, C=0 (=0.25,=0.25)

 T=100, C=10 (=0.25,=0.25)

 
Fig. 23. In-plane normal stress (σxx) vs various 

 combinations of Hygrothermal Effects 
 for b/h =10 & UD Type CNT pattern 

-0.04

-0.02

0.00

0.02

0.04

-5x107 -4x107 -3x107 -2x107 -1x107 0
xx

,
yy

p
la

te
 t
h
ic

k
n
e
s
s
 (

h
)

 T=0,C=10 (=1,=0.15)

  T=100,C=0 (=1,=0.15)

  T=100,C=10 (=1,=0.15)

  T=0,C=10 (=1,=0.45)

  T=100,C=0 (=1,=0.45)

  T=100,C=10 (=1,=0.45)

  T=0,C=10 (=1,=0.75)

  T=100,C=0 (=1,=0.75)

  T=100,C=10 (=1,=0.75)

  T=0,C=10 (=0.25,=0.4)

  T=100,C=0 (=0.25,=0.4)

  T=100,C=10 (=0.25,=0.4)

  T=0,C=10 (=0.75,=0.4)

  T=100,C=0 (=0.75,=0.4)

  T=100,C=10 (=0.75,=0.4)

  T=0,C=10 (=0.25,=0.25)

  T=100,C=0 (=0.25,=0.25)

  T=100,C=10 (=0.25,=0.25)

 
Fig. 24. In-plane normal stress (σxx) vs various 

 combinations  of  Hygrothermal  Effects 
 for b/h =10 & FG-X Type CNT pattern 
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Fig. 25. In-plane normal stress (σxx) vs various 

 combinations  of  Hygrothermal  Effects  
for b/h =10 & FG-O Type CNT pattern 
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Fig. 26. Transverse shear stress (τxy) vs various 

combinations  of  Hygrothermal  Effects 
for b/h =10 & & UD Type CNT pattern 
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Fig. 27. Transverse shear stress (τxy) vs various 

combinations   of   Hygrothermal   Effects 
for b/h =10 & & FG-X Type CNT pattern 
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Fig. 28. Transverse shear stress (τxy) vs various 

combinations   of   Hygrothermal   Effects 
for b/h =10 & & FG-O Type CNT pattern 

6 Conclusions  

In the current work, an investigation into the 
flexural behavior of nanocomposite plates under 
hygrothermal conditions, including the effect of 
agglomeration, was carried out using a C0 FE 
model that was developed using Reddy's HSDT. It 
is presumed that the CNT distribution will be 
uniform or functionally graded. The Eshelby-
Mori-Tanaka method is utilized in order to 
compute the properties of an agglomerated 
nanocomposite plate at any point. By adjusting 
these two parameters, it was possible to capture 
all three stages of the agglomeration effect. 
Several parametric studies were conducted to 

determine the influence of reinforcing phase 
properties throughout the thickness, such as 
agglomeration and CNT distribution. These 
studies examine how these factors affect the 
flexural response of these structures. 

The most important contribution of this work 
was the introduction of the carbon nanotube 
agglomeration model into the constitutive rules 
that define mechanical behavior. In addition, 
Reddy's well-known HSDT model is utilized in 
order to perform an analysis of the hygrothermal 
behavior of plates with varying parameters such 
as aspect ratio, CNT distribution across the 
thickness, and three distinct stages of 
agglomeration. Following is a summary of some 
important findings from a thorough examination 
of the hygrothermal flexural response and its 
sensitivity under various input parameters: 

• When compared to the other two CNT 
distributions in the thickness direction 
that were considered for the same 
condition of aggregation, the FG-X type 
distribution of carbon nanotubes along 
the thickness direction gave a higher level 
of stiffness. This was the case irrespective 
of whether or not there was any 
agglomeration present, in any of the three 
separate instances of total agglomeration, 
or any of the two states of partial 
agglomeration. This is due to a larger 
concentration of carbon nanotubes in 
locations that experience significant 
levels of bending stress. 

• According to the findings of the study, 
having a higher value for the parameter 

ξ causes the flexural behavior of these 

structures to worsen, which in turn 
results in higher flexural response for all 
other CNT distribution patterns.  

• There is an increase in dimensionless 
central deflection with an increasing 
aspect ratio. 

• The addition of clusters or regions of 
concentrated CNTs improves the flexural 
behavior of such models. 

• The study shows that out of three 
hygrothermal loadings, the structure is 
more sensitive when only pure moisture 
conditions exist. 

• The presence of a hygrothermal 
environment results in a decrease in the 
system's stiffness and flexural response, 
which is rational and consistent from a 
physical perspective. 

• From the inplane stress diagram of three 
CNT variations (UD, FG-X & FG-O) across 
the thickness direction of the plate, one 
can easily understand that stress at the 
top is maximum while zero at the bottom 
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of the plate. The variation is as per Eq. 21 
& 22 in which temperature and moisture 
at the bottom are assumed to be zero. 
Based on this three different 
combinations of hygrothermal loading 
are applied to investigate the static 
response of nanocomposite plate. 

• Since the change in material properties 
across the thickness direction, there is a 
sudden jump in the stress diagram in FG-
X and FG-O type CNT distribution pattern 
as compared to UD type CNT distribution. 

Nomenclature 

CNT Carbon nanotube 

FG Functionally Graded Materials 

h Thickness 

UD Uniformly Distributed 

*

cnt
V  Carbon nanotube volume fraction 

SSSS All four edges simply supported 

FG-X 
X-Type CNT distribution pattern along 
the thickness direction 

FG-O 
O-Type CNT distribution pattern along 
the thickness direction 

ξ, ζ  Agglomeration parameter 

Ni Shape function 

σxx, σyy In-plane normal stress 

τxy Transverse shear stress 
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